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ABSTRACT
WRINKLING OF FLOATING THIN POLYMER FILMS
SEPTEMBER 2010
JIANGSHUI HUANG
B.Sc., UNIVERSITY OF SCIENCE AND TECHNOLOGY OF CHINA
M.Sc., UNIVERSITY OF MASSACHUSETTS AMHERST
Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST
Directed by: Professor Thomas P. Russell and Professor Narayanan Menon
This thesis presents an extensive study of wrinkling of thin polystyrene films, tens
of nanometers in thickness, floating on the surface of water or water modified with
surfactant.
First, we study the wrinkling of floating thin polystyrene films under a capillary
force exerted by a drop of water placed on its surface. The wrinkling pattern is
characterized by the number and length of wrinkles. A metrology for measuring the
elasticity and thickness of ultrathin films is constructed by combining the scaling
relations that are developed for the length of the wrinkles with those for the number of
wrinkles. This metrology is validated on polymer films modified by plasticizer. While
the polystyrene films are modified with a large mass fraction of plasticizer, the
relaxation of the wrinkles is observed and characterized, which affords a simple method
to study the viscoelastic response of ultrathin films. Casting air bubbles beneath the
films instead of placing water drops on the films, we observe the film inside the contact
line is slightly deformed out of plane and there are hierarchical wrinkling patterns
around both sides of the contact line.
vi

Second, we construct a metrology to measure the strength of the interaction
between two localized wrinkle patterns induced by placing two drops of water on a
floating thin polymer film.
Third, we study the wrinkling of a floating thin polymer film due to a point force
exerted on its surface. Wrinkling occurs in the film only when the pushing depth
reaches a critical value. The threshold is measured and is consistent with theoretical
prediction.
Finally, we study the behavior of incompressible, rectangular films floating on
liquid and pushed inwards along two opposite edges. Far from the uncompressed edges
the membranes buckle along the force direction, developing a periodic pattern of
wrinkles. Approaching the uncompressed edges, the coarse pattern in the bulk is
matched to fine structures by a smooth evolution to higher wave numbers. We show
how the observed multi-scale morphology is controlled by a dimensionless parameter
that quantifies the relative strength of the edge forces and the rigidity of the bulk
patterns.
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CHAPTER 1
1

1.1

INTRODUCTION

Thesis overview

Wrinkling is a familiar phenomenon of thin sheets. You detect wrinkles
everywhere once you become aware of them. For instance, they can be seen on our
skin, when stretched by smiling or scars, on the film of cream that floats on warm
milk, or on the skin of fruit as it dries. Wrinkling occurs due to compressive stresses
and the wrinkles generated are arrayed in the direction of the compression. The size of
the wrinkles spans from a few nanometers in thin films [1] to hundreds of kilometers
on the lunar surface [2].
Recently, there is a growing interest in the wrinkling of thin films due to its
wide applications. The applications of wrinkling include characterizing the
mechanical properties of materials [3, 4, 5], controlling and studying cellular behavior
[6, 7, 8, 9], measuring viscoelastic properties of polymers [10], enhancing control of
adhesion [11], directing colloidal crystal assembly [12, 13] and optimizing optical
gratings [4].
In this thesis, we study patterns induced by wrinkling instabilities. To place this
in context we start by reviewing a few basic concepts of pattern formation far-fromequilibrium. Other examples of instabilities include Plateau–Rayleigh instability,
Taylor-Couette instability, Kelvin-Helmholtz instability, and solidification front
1

instability. These instabilities arise when the systems are taken away from equilibrium
by increasing a parameter R, called the control parameter, over some threshold value
Rc. An instability is generally associated with the symmetry breaking of some uniform
state into a patterned state. Typically spatially or temporally periodic patterns are
formed state by amplifying tiny inherent perturbations [14]. For spatial pattern
formation, symmetry gives way to a characteristic nonzero wave vector q0 . This wave
vector arises from the existence of constraints and conservation laws, or from
competing interaction between elementary units [14]. This suggests that the threshold
value is determined by a compromise between different scales in the system. For
special pattern formation, the wavelength too is determined as the competition
between the dominant energies. For R>Rc, the amplitude is proportional to some
power of (R-Rc) [14], and thus the behavior of the systems near the threshold values is
similar to super-critical bifurcation.
In order to understand the above mechanisms in pattern formation better, we
discuss here the Plateau–Rayleigh instability, named for Joseph Plateau and Lord
Rayleigh. In 1873, Plateau detected experimentally that a vertically falling stream of
water broke up into drops while its length was greater than about 3.13 to 3.18 times of
its diameter [15]. Rayleigh showed theoretically later that a vertically falling column
of non-viscous liquid with a circular cross-section should break up into drops while its
length exceeded its circumference. Thus, the control parameter is the length of the
stream, and the circumference of the stream is its threshold value. Translational
2

symmetry is broken due to the instability. The driving force of the Plateau–Rayleigh
instability is to minimize of the surface energy: During the transition from cylindrical
shape to drops, the volume of the liquid is conserved, but the surface decreases while
tiny perturbations in the cylindrical shape of the stream trigger the generation of the
instability. The pattern formation in the Rayleigh instability is governed by a dynamic
process, and the wavelength and the amplitude are determined by the flow rate of
water and the surface tension.
In this thesis, we discuss pattern formation induced by wrinkling instabilities.
Wrinkling occurs as a result of an elastic instability. The spatial translational
symmetry of the flat state is broken by out-of-plane deformations with well-defined
wave number [16]. The wavenumber is determined by competition between different
elastic energies such as bending and stretching energies of the elastic sheet as well as
by the deformation of any substrate that the sheet may be attached to. In some
circumstances, when the boundary conditions allow it, thin film may be treated as
inextensible and this is used as a constraint in minimizing the elastic energy. If the
boundary conditions do not permit a pure bending state, stretching deformations must
also be considered

1.2

Foppl-von Karmon equations

Due to its nonlinear nature, wrinkling of thin films is difficult to describe
theoretically. The general equations for describing the large deformation of thin
3

elastic sheets, called Foppl-von Karman (FvK) equations, are a set of nonlinear partial
differential equations [17]:

B∇ 4ξ = ∇（
+P
j σ ij ∇ iξ）

(1.1)

∇ jσ ij = 0

(1.2)

where ξ is the out-of-plane deflection, σ ij is the stress per unit of line, P is the
external normal force per unit area of the sheets, and B = Et 3 / [12(1 −ν 2 )] is the
bending modulus. The FvK equations, named after August Foppl [18] and Theodore
von Karman [19], are famous because of the complicated structures of the
deformation. In this thesis, we use FvK equations to describe the wrinkling of
floating thin polymer films.
Research on wrinkling has been carried out with a bi-layer model, with a thin
stiff membrane (skin) residing on a thick soft foundation. One way to make the bilayer model is by thermal evaporation of a thin metal film onto PDMS [20]. The
residual stresses built in during the preparation of these systems are hard to release. In
these bi-layer systems, there is the additional difficulty of treating the shearing force
between the skin and foundation.
To address these concerns, in this thesis, we use a liquid as the substrate by
floating a uniform polymer film on a water surface to study the wrinkling instabilities.
Because the films freely float on the liquid, the initial stress in the film can be
released and there is no shearing force between the film and the substrate. Thus, it
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serves as a good system to study the interaction between localized deformations in the
film and the viscous properties of polymer materials.
There are a few basic energy scales involved in this situation. Under
deformation, the gravitational energy of the liquid substrate can act as a restoring
force, besides the bending energy and stretching energy of the thin films. Also, the
surface tension of the liquid can play an important role to the deformation of the thin
film [21]. Finally, there are the energies associated with bending and stretching of the
film. Different wrinkling instabilities are obtained depending on which pair of these
scales dominates. Because the gravitational energy of a liquid substrate may be
calculated from the local deformation of the film, rather than having a long-range
decay such as the elastic energy of a deformed elastic substrate, the calculation of the
energy is far easier. This system also permits large elastic deformation out of plane,
enabling the measurement of the critical threshold which has not been successfully
measured in freestanding films.

1.3

Capillary force

Our interest in capillary force mainly lies in its ability to deform thin films.
Normally, deformation induced by capillary force or surface tension is quite weak.
However, for materials with high surface to volume ratios, such as nano-particles,
nano-rods, thin wall tubes and thin sheets, the effect of capillary force can be quite
strong. For example, capillary force leads to ordered assemblies of nano-particles and
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nano-rods at an air/liquid interface [22, 23]. A water drop can be wrapped by a piece
of flat elastic sheet into various 3D shapes [24]. When liquid evaporates, nano-pillars
and nano-platforms can collapse under capillary force [25, 26]. Furthermore, capillary
force enables insects, such as spiders and water sliders, to walk or jump on the surface
of water [27, 28], and it also trigges the lung airway closure [29].

1.4

Wrinkling in free standing films

For wrinkling in free standing films, the expressions for the wavelength of the
wrinkles were deduced by Cerda and Mahadevan by balancing the bending energy
and the stretching energy [30, 31]. They consider a situation in which a rectangular
elastic sheet is clamped at its ends and stretched. Beyond a critical strain, the sheet
wrinkles (Figure 1.1). While the bending energy favors long wavelengths, the
stretching energy favors short wavelengths. The out-of-plane displacement of the
initially flat sheet of size W × L and thickness h ( h

ζ ( x, y) , where x ∈ (0, L) and y ∈ (0,W ) (Figure 1.1).

W

L ) is characterized as
The wrinkling pattern is

described by an energy [31]:
U = UB +US −

(1.3)

Here
UB =

1
B (∂ 2yζ ) 2 dA
2 ∫A

is the bending energy of the sheet;
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(1.4)

US =

1
T ( x )(∂ xζ ) 2 dA
∫
A
2

(1.5)

presents the stretching energy, where T ( x) is the tension along the x direction; and

= ∫ b( x) ⎡⎣(∂ yζ )2 / 2 − Δ( x) / W ⎤⎦ dA
A

(1.6)

enforces the constraint of inextensibility, where the Lagrange multiplier, b( x) , is the
stress applied at the edge in the y-direction due to the Poisson effect, σ yy .
The wrinkling pattern is periodic far from the clamped edge. Using the first
FvK equation (1.1) to balance force in the normal direction, we get [32]:

B∂ 4yζ − T ∂ 2xζ + σ yy ∂ 2yζ = 0

(1.7)

Setting the bending and stretching energies comparable, we have:
B

ζ0
ζ
~ T 20
4
λ
L

(1.8)

1/4

⎛B⎞
so λ ~ ⎜ ⎟
⎝T ⎠

L1/2 , where λ is wavelength and ζ 0 is amplitude. Also, setting the

bending energy and compressive force at the edge comparable, we have:
B

so σ yy ~ B / λ 2 ~ ( BT )

1/2

ζ0
ζ
~ σ yy 02
4
λ
λ

/L.
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(1.9)

Figure 1.1: Wrinkles in a polyethylene sheet of length L ≈ 25 cm , with W ≈ 10 cm ,
and the thickness h ≈ 0.01 cm under a uniaxial tensile strain γ ≈ 0.10 . From ref. [31]

1.5

Thesis organization

In Chapter 2, I show how to prepare thin polymer films with a uniform thickness
by spin-coating or with a gradient in thickness by float-coating on glass slides or on
silicon substrates, how to determine the thickness of the films by x-ray reflectivity or
a filmetric F20-UV thin film measurement system, how to cut out a film with
designed shape, how to float the films onto liquid surface, and how to measure the
surface tension of liquid and the contact angle with a tensiometer.
In Chapter 3, I discuss the wrinkling instability induced by placing a water drop
on the film floating on the surface of water prepared in a maner described in Chapter
2. We focus on characterizing and understanding the wrinkling pattern formed outside
the contact line of the water drop. Then, we use air bubbles placed beneath the films
instead of using a water drop placed on the film to explore the deformation of the film
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inside the contact line and around the contact line by the capillary force. At the end of
this Chapter, I discuss the dependence of the wrinkling pattern on the surface tension
by modifying the surface tension of the water that the films float on.
In Chapter 4, I continue to explore the wrinkling instability induced by water
drops, but I place more than one water drop on the film and then discuss the
interaction between localized wrinkling patterns.
In Chapter 5, I compress a floating rectangular film at two opposite edges and
discuss the wrinkling instability in the bulk and at the edge by coupling of the bending
energy, the gravitational energy and the capillary force with the theory presented by
Davidovitch and Santangelo [33, 34].
In Chapter 6, I discuss the threshold of wrinkling of a floating thin film by
exerting a point force on it, and compare the value with theoretical calculations by
Cerda [35].
In Chapter 7, I present the conclusion of this research.
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CHAPTER 2
2

EXPERIMENTAL TECHNIQUES

This chapter describes the experimental details of sample preparation, techniques
used for measuring the thickness of thin films and the surface tension of liquid, and
some other apparatus used in this thesis.

2.1

2.1.1

Sample Preparation

Thin Films Preparation

Various methods have been used for the preparation of thin polymer films.
Among those methods, spin coating is one of the most common [36, 37, 38]. It is a
procedure widely used to produce thin films of uniform thickness on flat substrates.
Dip coating is another popular way of generating thin films which is mainly used for
research purposes [39, 40, 41]. Uniform films can be applied onto flat or cylindrical
substrates via dip coating. Flow coating can also be used to fabricate polymer films
with continual gradients of thickness [42]. In our studies, both spin coating and flow
coating were used for creating films and we will discuss both of the procedures.
A machine used for spin coating is called a spin coater or spinner. An excess
amount of polymer solution is placed on flat substrate, such as a glass slide or a
silicon wafer, which is then rotated at high speed to spread the fluid by centrifugal
10

force. Rotation is continued while the fluid is spun off the edges of the substrate and
the solvent evaporates, leaving a solid film on the substrate. The higher the angular
speed of spinning, the thinner the film. The thickness of the film also depends on the
concentration of the solution and the solvent used. In our experiments, we used the
solutions of polystyrene (PS; atactic, Mn = 91 kg/mol, Mw = 95.5 kg/mol, Polymer
Source Inc., product ID: P3615-S) dissolved in toluene (Anhydrous 99.8%, SigmaAldrich Inc.) with concentrations from 0.5% to 4%, which were cleaned by filtering
through a micro-pore system (pore size 0.45 µm, Whatman Inc.). Mainly, glass slides
of size 25×75×1 mm3 were used as substrates. Glass slides positioned on the holder of
a spin coater (Headway Research Inc., model 1-EC101DT-R485) were cleaned with
acetone. Before applying the PS solution, a layer of acetone was spun off the glass
slides at 1000 RPM for 60 seconds. Next, the films were prepared on the glass slides
by spin coating at speeds varying from 600 to 1800 rpm to get the desired thickness
(Figure 2.1A). For using silicon slides with a silicon dioxide top layer (International
Wafer Service Inc., S.O.# 14448) as substrate, the substrates were previously cleaned
with toluene. For some experiments we prepared PS films modified with plasticizer;
the plasticizer was added into PS solution in toluene prior to spin-coating. The
plasticizer used was dioctyl phthalate (anhydrous, 99%, D201154, from SigmaAldrich).
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Figure 2.1: Preparation of freely floating thin PS films: (A) Spin-coating a thin layer
of polystyrene solution on a glass slide; (B) Cut out a designed geometry: (1) A
circular film with diameter 22.8 mm or (2) A rectangular film with size 22 mm by 32
mm; (C) Immerse the glass slide aslant into water and the film is detached from the
glass substrate; (D) The film freely floats on the surface of water.

Flow coating was also used in our studies for fabricating thin polymer scalar
films. Figure 2.2 shows a view of the flow coater used in our study. It consists of a
stationary blade fixed a certain distance above a motorized x-axis stage. The substrate
was fixed to the stage with tape on two opposite edges. The stationary blade was
attached to an aluminum support fixed to a three-axis tip-tilt-rotation stage which was
mounted on a height stage, allowing us to adjust the edge of the blade to be parallel to
the substrate and perpendicular to the axis of motion, and also to control the height of
12

the gap between the blade and the substrate. Then, a polymer solution is placed at the
gap between the blade and the substrate. The solution stays within the gap due to the
liquid meniscus. The stage is then accelerated so that the blade moves with respect to
the substrate. Capillary forces keep the solution between the substrate and the blade,
but the frictional drag exerted on the same solution tends to drag some solution from
the gap when the blade is pulled across the substrate. The solution left behind of the
blade is in the form of a wet film and dried due to the solvent evaporation [42]. At
higher velocities, the frictional drag increased and more solution is left behind. Thus,
increasing the velocity in the flow coating process will increase the thickness of the
corresponding membrane. The thickness of polymer films also depends on the height
of the gap, the concentration of the solution, and the solvent used. In our experiments,
PS solution with certain weight concentration was placed in the gap between the blade
and the glass substrate. The typical height of the gap was varied between 50 microns
and 100 microns. At first, the stage was shortly accelerated with the maximum
acceleration of the system to a certain speed and then kept moving at that speed for 12
mm. Then, the stage was again quickly accelerated with the maximum acceleration to
a higher speed and kept moving for 13mm at constant speed. A thin PS film with a
step of thickness applied onto the glass substrate was thus fabricated.
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Figure 2.2: Image of the flow coater: (1) stationary blade attached to an aluminum
support, (2) tip-tilt-rotation-height stage assembly, and (3) motorized x-axis stage
assembly.

2.1.2

Floating Thin Films

To produce film of desired shape and dimension, a template with a circular
hole of diameter 22.8 mm or a rectangular hole of size 22mm by 32mm (Figure 2.3)
was placed on the top of sample, and then the film was scored slightly by a scribe
with a sharp tip around the boundary of the hole (Figure 2.1B). When the scored glass
was dipped at an angle into a pool of distilled, de-ionized water, a circular or
rectangular piece of the PS film detached from the substrate (Figure 2.1C). Because
PS is hydrophobic, the film floated onto the free surface of the water where it was
stretched flat by the surface tension of the air-water interface at its perimeter (Figure
2.1D).
In Chapter 5, to prepare freely floating films with two smooth edges, we broke
off the silicon slide along two parallel lines with distance about 22 mm between each
14

other with a point force exerting at the edge after the PS film was applied on the
silicon wafer (Figure 2.4a). We then scribed two parallel lines with distance about 32
mm between each other on the film with a point force perpendicular to the new edge
(Figure 2.4b). After that, the sample was slowly immersed at an angle into 5%
hydrofluoric acid which was made by diluting 48-50% hydrofluoric acid (Fisher
Scientific, A 146-1). The film detached from the substrate and floated onto the
surface, since the uppermost layer of the silicon slide was dissolved by the strong acid
(Figure 2.4c). After the film was floated onto the surface of 5% hydrofluoric acid, it
was transferred with a silicon slide to the surface of distilled, de-ionised water in a
petri-dish and to the surface of water in another petri-dish again to remove the acid in
the water (Figure 2.4d).

(A)

(B)

Figure 2.3: Templates for scoring films: (A) Circular shape with diameter 22.8 mm;
(B) Rectangular shape with size of 22 mm by 32 mm
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Figure 2.4: Preparation of freely floating thin PS films with two smooth edges after a
thin PS film was spin-coated on a silicon wafer: (a) Break off the silicon wafer along
the parallel lines with distance about 22mm between each other and remove the part 1
and the part 2 by applying a point force at point A and point B; (b) Scribe two parallel
lines with distance about 32mm between each other on the film with a point force
perpendicular to the new edge; (c) Immerse the silicon slide at an angle into 5% HF
acid and float the film onto the surface; (d) Transfer the film with a silicon slide to
water surface again and again to remove the hydrofluoric acid.
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2.2

Measurement of thickness

Thickness is a significant parameter determining the mechanical behavior of
thin films and coatings [43, 44, 45, 46]. Therefore, various techniques, such as X-ray
reflectometer, ellipsometer, interferometer and profilometer, have been used for
precisely measuring the thickness, ranging from the nanometer scale to micron scale.
In our study, the PS films, tens of nanometers in thickness, were mostly applied
on glass substrates. Since glass is transparent, it is difficult to precisely determine the
thickness of the thin films directly with most techniques, such as ellipsometry and
interferometry. We used X-ray reflectivity to measure the thickness of the PS films
which relies on the interference of X-ray reflected at the interfaces between layers
with different indices of refraction [47]. X-ray reflectivity measurements were carried
out at the W.M. Keck Nanostructure Laboratory (a NSF-MRSEC supported multiuser
open access facility), University of Massachusetts Amherst, using a Panalytical XPert x-ray diffractometer. The CuKα radiation from the x-ray source (wavelength

λ =0.154nm ) is coupled to a parabolic, graded multilayer mirror assembly that
produces a low-divergence beam of x-rays. The PS films on the glass substrate are
mounted horizontally at the center of a two-circle goniometer and investigated under
specular reflection conditions (Figure 2.5). The modulus of the scattering vector is
defined by q = (4π / λ )Sinθ in which 2θ is the scattering angle. Additional presample and pre-detector slits define the overall resolution in the vertical scattering
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plane. The intensity is integrated over the horizontal direction. At small incident
angles above the critical angle, the incident x-ray beam is reflected at both the front
and the back interfaces of the film, leading to constructive or destructive interferences
characterizing the thickness in dependence of q z (Kiessig fringes). The period δq of
the fringes is related to the film thickness by h = 2π / δ q [48]. Three experimental
curves were plotted in Figure 2.6 for three films prepared by spin coating a 2.6w% of
polystyrene solution in toluene on same kind of glass substrates of size 25×75×1 mm3
at a spinning speed of 1.2 × 103 RPM for 60 seconds. By averaging over several fringes
at high angles, the thickness can be quantitatively determined. The thickness of films
spin-coated under the same condition with different weight concentration of solution
is listed in Table 2.1. From Table 2.1, we determined the reproducibility in thickness
of the films prepared by the spin coating in our experiments is within ±2% .
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Figure 2.5: A real view of using X-ray reflectivity for measuring the thickness of PS
films applied on glass slides of size 25×75×1 mm3.
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Figure 2.6: X-ray reflectivity curves for three PS films produced by applying 2.6w%
of polystyrene solution in toluene onto glass substrates under same spin-coating
conditions.

Table 2.1: Thickness of PS thin films determined by X-ray reflectivity

Weight
Concentration (w%)

Average
Thickness (nm)

Thickness (nm)

1.6

85

85

85

85

2.1

121

121

121

121

2.6

157

158

159

158

3.1

207

207

N/A

207

3.6

241

246

251

246
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For the films applied on the silicon wafers, the thickness was determined with
a Filmetrics F20-UV thin film measurement system (Filmetrics Inc.) with a regulated
deuterium and tungsten-halogen high-power UV-vis fiber light source (Hamamatsu
Inc.) over a range of wavelength from 200nm to 1100nm [49]. The incident light
applied by the light source was normal to the surface of the sample. The light
reflected from the top and bottom interfaces of the thin film can be in-phase
(reflections add), out-of-phase (reflections subtract), or somewhere in between, that
depends on the wavelength of light λ , the thickness of the film t , and the refractive
index of the material n . Reflections are in-phase when mλ = 2nt and reflections are
out-of-phase when (m + 1/ 2)λ = 2nt , where m is a integer. Over the given
wavelength range, the result is characteristic intensity oscillations in the reflectance
spectrum. The spectrum reflected light is determined and software with instrument is
used to compare a calculated reflectance spectrum based on the thickness and optical
constants. The software starts with an initial guess of the film thickness to obtain what
the reflectance spectrum, compare this to the experiment, then varies the thickness to
minimize error. An example of the measurement of thickness with the system is
shown in Figure 2.7. The black curve is the reflectance spectrum measured, and the
red curve is the reflectance spectrum calculated by the system. The goodness of fit is
0.95562, and the thickness measured is 178nm.
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Figure 2.7: Reflectance vs. Wavelength. Measurement of thickness with a Filmetrics
F20-UV thin film measurement system for a film prepared by spin coating 3.6w% of
polystyrene in toluene solution on silicon wafer with spin speed of 2000 RPM for 60
seconds.
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Figure 2.8: The roughness of the films was determined by AFM and the upper line
was close to the edge made through breaking off silicon slide: (A) Height Image and
(B) Phase Image
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2.3

Determine the roughness of the films with SFM

We used Scanning Force Microcopy (Veeco Metrology group, Dimension
3100) to determine the roughness and the cut edge of the films. After the film was
floated onto the surface of water, the film was received with a bigger silicon wafer
and then roughness was measured with the dried film. Figure 2.8 shows the height and
the phase images ( 6μ m x 6μ m ) of the film that was spin-coated onto a silicon wafer
and floated onto the surface of water by the method described in the Section 2.1.2.
The thickness of the film was 135nm, and the upper line was close to the edge created
by breaking-off the sample. From the SFM images, we can see the edge was flat, and
the roughness of the film was measured with a part of the height image to be 0.3nm
(Figure 2.9).
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Figure 2.9: Roughness Analysis

2.4

Measurement of surface tension and contact angle

The surface tension of water and water modified with different concentrations
of surfactant or mixed with other liquids were measured by Pendant Drop Method
with a tensiometer (Dataphysics Instruments GmbH - Germany). The surfactant used
was a dodecyl sulfate sodium Salt (ACROS, CAS# 151-21-3, 99%) and the liquid
mixed was propylene glycol. With the pendant drop method, the surface tension is
related to the drop shape through the following equation [50, 51]

τ = Δρ .g .R02 / β
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(2.1)

Where τ is the surface tension, Δρ is the difference in density between liquid and the
air, g is the gravitational acceleration, R0 is the radius of curvature at the apex of the
drop and β is the shape factor. The shape factor, β , is defined through the YoungLaplace equation, expressed as three dimensionless equations [50, 52]:

(2 + β Z ) =

dθ sin θ
dX
+
, cosθ =
,
dS
X
dS

sin θ =

dZ
dS

(2.2)

where Z , S , X are dimensionless coordinates defined as
Z=

z
x
s
, X= , S =
R0
R0
R0

(2.3)

where z is the axial coordinate of the described point to the drop apex, x is the
distance of the point from the axis of drop and s is the arc length to the point from the
drop apex (Figure 2.10A). Calibration of the pendant drop images is realized by the
size of the syringe tip. The radius of curvature of the drop at apex, R0 , is measured
with the pendant drop image. The shape of the drop is fitted using the Young-Laplace
equation which is done by software automatically, so β is determined. Thus, the
surface tension of the liquid is obtained using equation 2.1.
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Figure 2.10: (A) Schematic image of a drop hanging at a syringe tip, (B) Surface
tension of water and water modified with surfactant measured after a drop was
squeezed out the needle tip.

Three experimental curves were plotted in Figure 2.10 B for the surface tension
of water, water with 0.08% surfactant, and water with 0.3% surfactant. At room
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temperature, the surface tension of distilled, de-ionized water kept constant as
72mN/m. For the water modified with surfactant, the surfactant molecules began
moving to the doplet surface after a drop was squeezed out of the needle tip, reducing
the surface tension further until the concentration of the surfactant at the surface
reached its maximum. At the steady state, the surface tension of water with 0.08%
surfactant was 50mN/m, and 36mN/m for the water with 0.3% surfactant.
The contact angles for water droplets on a PS film were measured by the Sessile
Drop Method with the same tensiometer used for measuring surface tension. A small
drop of water, with a volume ~ 1μ L was placed onto a film spin-coated onto a glass
slide by using a micro-syringe (Hamiliton, Reno, NV, CAT # 80383). A small
amount of water（ ~ 0.2μ L）was added to the standing drop before measuring the
contact angle every time. The contact angle measured was 88°±2°. The addition of
plasticizer was not found to affect the contact angle within the precision of the
measurement. The contact angle of water drops on thin floating polystyrene films,
defined as the angle at which a liquid/vapor interface meets the horizontal surface,
was measured in the same way (Figure 2.11). The contact angle measured was
83°±2°, a few degrees less than that of a water drop on a PS film residing on a glass
slide, and within the precision of the measurement, it was independent of the
thickness of the films, the size of the water drops, and the surface tension of the liquid
in the pool as they were in our experimental ranges. By replacing a part of the thick
wall of the glass container with a thin glass slide of size 24×50*(0.13 ~ 0.17) mm
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(Fisher Scientific, Catalog NO. 12-544-14), the contact angle of a bubble beneath the
floating film can also be measured. We measured the contact angle of air bubbles
beneath an 80 nm thick film. Immediately, after the air bubble transformed from a
sphere to a section of a sphere, the contact angle was measured to be 88°±2°. When
the bubble was shrinking, the contact angle measure was 83°±2°.

Figure 2.11: Schematic image of the system for measuring the contact angle of water
drop on a floating thin film with Sessile Drop Method.

2.5

Observation of the wrinkling patterns

For wrinkling induced by a water drop (chapter 3 & chapter 4), the water drop
was delivered onto the films using a microsyringe (Hamilton, Reno, NV,
CAT#80383). A drop of controlled volume was ejected from the syringe, and this
pendant droplet was gently brought in contact with the film. Another drop of water
with a measured volume was ejected from the syringe again and then brought in
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contact with the one already on the film to increase the size of the water drop every
time later.
The wrinkling pattern was observed in transmission using a long workingdistance stereo microscope (Olympus Model SZ 40), typically at a magnification less
than 4X. The sample was illuminated from beneath with diffuse white light. Images
of the wrinkling pattern were observed for the refraction light through the sample and
acquired with a commercial consumer digital camera (Olympus Camedia C-770
Zoom) attached to a microscope port (Figure 2.12). Calibration of the microscope
images was realized by obtaining image of a standard with fine scales which floated
on the same surface of water.
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Figure 2.12: The system for the observing and recording wrinkling pattern.
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CHAPTER 3
3

3.1

CAPILLARY WRINKLING OF FLOATING THIN POLYMER FILMS

Overview

In this chapter, we study the wrinkling of a freely floating polymer film, tens of
nanometer in thickness and with a diameter of 23 mm , due to the capillary force
exerted by a water drop placed on its surface. Wrinkling of thin films under capillary
forces has thus far remained relatively unexplored. Since films are often immersed in
fluid environments, both in biological and synthetic soft materials, the elastic
deformation of films under surface tension is a relatively commonplace situation.
Thin polymer films are an ideal experimental platform to explore wrinkling
phenomena: We studied films with very high aspect ratios (the ratio of lateral size, D,
to thickness h is D/h ~ 5x105) that can be treated accurately in the framework of 2dimensional elasticity.
In the experiments described in this chapter, we study the wrinkling pattern
induced by a drop of water placed at the center of a floating film of polystyrene (PS).
This pattern induced by capillary forces is characterized by the number, N , and
length, L , of the wrinkles. We have experimentally deduced scaling relations for the
number and length of wrinkles. The scaling relation for the number of wrinkles is
adapted from a near-threshold argument given in Cerda 2005 [53]. The scaling
relation for the length of the wrinkles does not follow from that argument, and is
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deduced from dimensional arguments. A correct understanding of the pattern has yet
to be developed. However, Cerda and Davidovitch are currently developing far-from
threshold arguments to explain our observations [32].
By combining the empirically determined scaling relations developed for N
and L , we constructed a metrology to measure both the Young’s Modulus and
thickness of ultrathin films. We validated the method on polymer films modified by
plasticizer. With a large mass fraction of plasticizer, we discovered and characterized
the relaxation of the wrinkling pattern that provided a simple method for studying the
viscoelastic response of ultrathin films.
In order to explore the boundary conditions of the wrinkling induced by water
drops, we used an air bubble which was cast beneath the floating film instead of the
water drop placed on the film. Also, we change the surface tension of the liquid in the
pool to expand the metrology for more general conditions and also to understand the
metrology better.

3.2

Wrinkling induced by Water Drops
We used thin films of polystyrene (Atactic, Mw = 95k, Mw / Mn = 1.05 )

spin-coated onto a glass substrate. The thickness of the film was varied from 31 nm to
233 nm, as measured by X-ray reflectivity. A circular piece of the PS film with
diameter D = 22.8 mm was cut out with a sharp point and floated onto the surface of
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distilled, deionized water where it was stretched flat by the air-water interface tension
exerted at its perimeter.
Wrinkling was induced in the stretched, floating film by placing a drop of water
in the center of the film (Figure 3.1). The loading led to a radial wrinkling pattern
radiating from the air-water-PS contact line. The wrinkling induced is primarily due
to the capillary force exerted on the film by the surface tension at three-phase contact
line, and not by the weight of the drop. In fact, a solid disk of weight ~ 10 times that
of the drop shown in Figure 3.1 and with comparable contact produce no discernible
wrinkling. The mechanism involved is discussed below.
The contact angle of the water drop on the floating PS film, defined as the angle
at which the water/air interface meets the horizontal surface, is 83°±2°, while the
contact angle of water drop on a PS film coated a glass slide is 88°±2°. Thus the
capillary force would exert a perpendicular force ~ γ sin θ and an in-plane stress

σ rr(1) = γ cos(θ ) at the three-phase contact line, where γ is the surface tension and θ is
the contact angle (Figure 3.2). Opposing the capillary force pulling at the edges of the
film upward, the Laplace pressure, PL , is normal to the film underneath the drop of
water: PL = 2γ S in(θ ) / a , where a is the radius of the water drop. The weight of
water drop would result in a pressure at the film beneath the water drops,
PW = mg / π a 2 , where m is the mass of the drop, so the total pressure on the film:

ΔP = PL + PW . The pressure slightly deforms the film [54] and induces another radial
stress σ rr(2) = τ cos(α ) = ΔPaCot (α ) / 2 at the contact line, where τ is the tension of the
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film inside and around the contact line. Since the pressure induced by the weight of
water drop, PW , is only about one percent of Laplace pressure,

PL , in our

experiments, we do not consider the contribution of the weight of water drop to the
stress, so σ rr(2) = PL aCot (α ) / 2 = γ Sin(θ )Cot (α ) . Therefore, the radial stress at the
contact line: σ rr (a) = γ [Cos(θ ) + Sin(θ )Cot (α )] .

Figure 3.1: Four PS films of diameter D =22.8 mm and of varying thickness floating
on the surface of water, each wrinkled by water drops of radius, a ≈0.5 mm and mass
m ≈ 0.2 mg. As the film is made thicker, the number of wrinkles, N , decreases
(there are 111, 68, 49 and 31 wrinkles in these images), and the length of wrinkles, L ,
increases. L is defined as shown at top left, measured from the edge of the water
droplet to the white circle. The scale varies between images, while the water droplets
have approximately the same size.
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Figure 3.2: (A) Schematic view of the forces exerted on a PS thin film by a water
drop and the air-water surface tension, γ , exerted at the edge of the film. ΔP is the
pressure normal to the surface, comprising of Laplace pressure, PL , induced by
surface tension and the pressure, PW , inducd by the weigth of water drop. (B) τ is the
tension of the film inside and around the contact line: τ = ΔPa / 2 sin α .

We observed the wrinkling pattern using a digital camera mounted on to a lowmagnification microscope. Two obvious quantitative descriptors of the wrinkling
patterns are the number of wrinkles, N , and the length of the wrinkle, L , as
measured from the edge of the droplet. N is determined by counting. Since the
terminus of the wrinkle is sharply defined and not sensitive to lighting and optical
contrast, we are also able to measure L directly from the image. The radius of the
circle in which the entire wrinkle pattern is inscribed (see top left of Figure 3.1) is
determined with a precision of 3%.
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The central question in understanding this wrinkling pattern is: how are ( N , L )
determined by the elasticity of the sheet (thickness, h , Young’s modulus E , and
Poisson ratio Λ ) and the parameters of the loading (surface tension, γ , and radius of
the drop, a ). In order to study systematically the effect of loading and elasticity we
placed a water drop at the center of the film using a micropipette, increasing the mass
of the drop in increments of 0.2 mg. As the radius of the drop was increased, both L
and N increased.
We first focus on the number of wrinkles. As is evident in Figure 3.1, N is
smaller in thicker films and remains constant at all radial distances r from the centre
of the patterns. The combined dependence of N on a and h is correctly captured by
the scaling N ~ a1/2 h−3/4 , as shown in Figure 3.3. This scaling is theoretically deduced
by Davidovitch and Cerda based on Von Karman equations [32]. Setting the out-ofplane displacement to be ξ (r ,θ ) = f N (r ) cos( Nθ ) , as we did in chapter 1, using the
first Von Karman equation (1.1) to balance the forces in the normal direction, we get
[32]:

B

N4
N2
∂ 2ξ
ξ
−
σ
ξ
+
σ
=0
θθ
rr
r4
r2
∂r 2

(3.1)

If the first and the third term are comparable, and if evaluate the stress at r = a ,

σ rr → γ . Thes terms scale as:
BN 4 γ
~ 2
a4
a
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(3.2)

Therefore,
1/4

⎛ γ a2 ⎞
N = CN ⎜
⎟
⎝ B ⎠

⎡12 (1 − Λ 2 ) γ
= CN ⎢
E
⎢⎣

⎤
⎥
⎥⎦

1/ 4

a1/2 h −3/4

(3.3)

where CN is a numerical constant. CN may be obtained from an analytical solution of
the elastic problem or from an experiment like ours where all relevant parameters are
known. Using literature values of E = 3.4 GPa and Λ = 0.33 for PS [55], and

γ = 72 ± 0.3 mN / m , we obtain that CN = 3.62 from the slope of the fit line in Figure
3.3.

Figure 3.3: The number of wrinkles, N , as a function of a scaling variable a1/ 2h −3/ 4 .
Data for different film thicknesses, h , (indicated by symbols in the legend) collapse
onto a single line (the solid line is a fit: N =2.50×103 a1/ 2h −3/ 4 ). The extent of
reproducibility is indicated by the open and solid inverted triangles which are taken
for two films of the same nominal thickness.
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Before discussing wrinkle length, we make some qualitative remarks regarding
the evolution of the wrinkle pattern. The wrinkles shown in the images are purely
elastic deformations and can be removed without the formation of irreversible, plastic
creases (except possibly at the very centre of the pattern). Despite this, the number of
wrinkles in the pattern is hysteretic, since there is an energy barrier as well as a global
rearrangement involved in removing wrinkles. In Figure 3.3 the drops are slowly
increased in size by gentle addition of increments of water and thus represent our best
experimental approximation to the equilibrium number of wrinkles. There is no
measurable effect of contact line pinning. Nevertheless, the first droplet added
invariably overshoots the equilibrium value of N , as may be seen in the slight
curvature of individual sets of data in Figure 3.3. The length of the ridge shows much
less hysteresis since the length can locally increase or decrease continuously. This
effect is clearly seen when the wrinkle pattern evolves as the drop is allowed to shrink
by evaporation (Figure 3.4). The droplet radius, a , decreases with time with no
apparent of pinning of the contact line as it recedes. N shows almost no change as a
decreases, and L changes along a different path than predicted by the scaling law.
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Figure 3.4: (A) Radius of drop, a , versus time in seconds. (B) Length of wrinkle, L,
versus, a , for an advancing (black) and receding (red) contact line. (C) Number of
wrinkles, N , versus, a , for an advancing (black) and receding (red) contact line.
Thickness of the film used here is 94 nm.

The length, L , of the wrinkles increased linearly with a , the radius of the drop,
and also depends on the thickness as shown in Figure 3.5A. The dependence on a
and h is reasonably well-described by the purely empirical power law scaling shown
in Figure 3.5B: L ~ ah1/ 2 (as shown in the inset to the figure, an unconstrained fit to a
power-law yields a slightly better fit of L ~ ah0.58 ). This scaling is dimensionally
incomplete and an additional factor of (length)-1/2 needs to be taken into account. In
terms of the available physical variables, the only possibility is [ E / γ ]1/ 2 , leading to
1/2

⎡E⎤
L = CL ⎢ ⎥ a h1/2
⎣γ ⎦
where C L is a constant. From the fit shown in Figure 3.5B we obtain CL = 0.031 .
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(3.4)

Figure 3.5: (A) Wrinkle length, L , is proportional to the drop radius, a . For fixed
loading, L increases with thickness, h as shown by the different symbols. (B) An
approximate data collapse is achieved by plotting L against the variable ah1/ 2 . The
inset at the top left shows the relation between L and h for fixed radius of the water
droplet a =0.6 mm. The black line is the best fit of the data to a power-law
dependence: L = 0.0872h0.58 and the red line is the best fit to a square-root

L = 0.129h1/ 2 .
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Theoretically, near the threshold conditions, the stress can be determined
analytically for a purely planar geometry such as an annulus [56]:

σ θθ

(Tin − Tout )a 2
= Tout −
r2

(3.5)

(Tin − Tout )a 2
r2

(3.6)

σ rr = Tout +

where Tin = σ rr (a ) and Tout = γ . Here a is the radius of the hole in the annulus, and
the outer radius is assumed to be much larger than a . In this calculation, if Tin > 2Tout ,
the hoop stress develops a negative value close to the centre of the annulus. The
length of the wrinkles is determined by the diameter of this compressive zone where

σ θθ < 0 (Figure 3.6A).
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Figure 3.6: (A) Around the threshold, σ rr and σ θθ as a function of r . The length of
the wrinkles is determined by the width of the zone where σ θθ < 0 . (B) Far beyond
the threshold, σ rr and σ θθ as a function of r . The length of the wrinkles is
determined by matching σ θθ at r = L .

Our case is not planar. However, by setting the first two terms in equation (3.1)
comparable, and replacing r → a , we have [32]:

σ θθ ~ B
And considering equation (3.3), we get:
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N4
a2

(3.7)

1/2

σ θθ

1/2

⎛ γ ⎞ ⎛h⎞
~⎜
⎟ ⎜ ⎟
Eh ⎝ Ea ⎠ ⎝ a ⎠

→0

(3.8)

Therefore, the deformation is far beyond the threshold around the contact line, and
thus the near-threshold equations are not valid. The schematic view of σ rr and σ θθ as
a function of r is shown in Figure 3.6B. At first, considering the zone where r < L ,
because our case is axis-symmetric, the von Karman equation (1.2) in cylindrical
coordinates is:

σ
1
∂ r (rσ rr ) − θθ = 0
r
r

(3.9)

Considering σ θθ → 0 and σ rr (a ) = Tin , we get:

σ rr (r ) = Tin

a
r

(3.10)

Therefore,
T+ = σ rr ( L) = Tin

a
L

(3.11)

And when r > L , according to equations (3.5) and (3.6), we have:
2

σ θθ

⎛L⎞
= −(T − Tout ) ⎜ ⎟ + Tout
⎝r⎠
+

(3.12)

At r = L , σ θθ should be continuous, so:

T + = 2Tout

(3.13)

Considering equation (3.11), we get [32]:
L=

1 Tin 1 σ rr (a )
= a
a
2 Tout 2
γ
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(3.14)

Thus, the length of the wrinkles predicted theoretically is also linearly proportional to
the size of the water drops. If σ rr (a) = Ehγ , theory would agree with experiments.
This has not been established, since we do not currently fully understand the
microscopic mechanism by which the which the out-of-plane force is converted into
an in-plane stress.

3.2.1

Construction of a wrinkling-based metrology

While we do not have a complete theoretical understanding of equations (3.3)
and (3.4).m, we exploit these scaling relations to develop a metrology for the
mechanical properties of thin film. A measurement of N and L allows a
determination of both E and h for a film.
As a demonstration of the technique, we vary the elastic modulus of PS films by
adding to them varying amounts of di-octylphthalate, a plasticizer. Seven pairs of

( N , a) and ( L, a) were obtained for a floating film loaded with a water drop of
weight from 0.2 mg to 1.4 mg with an increment of 0.2 mg . Plotting N versus a1/2
and L versus a , and linearly fitting by passing the origin of coordinates, we obtained
the slopes α N and α L . Both the Young’s modulus and the thickness of the film were
determined through the following modified equations of (3.3) and (3.4) in order to
reduce the error:
⎡12 (1 − Λ 2 ) γ
α N = CN ⎢
E
⎢⎣
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⎤
⎥
⎥⎦

1/4

h −3/4

(3.15)

1/2

⎡E⎤

α L = CL ⎢ ⎥ h1/2
⎣γ ⎦

(3.16)

For the elastic modulus, as can be seen in Figure 3.7A, we find good agreement
with published data [3] obtained by other techniques. As a further test of our
technique, we note that accompanying the large variation (greater than 300%) in
Young’ modulus, there is also a subtle change (of about 10%) in the thickness of the
film as a function of the mass fraction of plasticizer. Also, the determination of
thickness is in very close agreement (Figure 3.7B) with our x-ray reflectivity
measurements of h . Thus, measurements of both modulus and thickness can be
achieved by a wrinkling assay with comparable or higher precision, and with very
basic instrumentation, when compared to the other techniques on display in Figure 3.7,
each of which involve sophisticated equipment and yield only one of E or h .
Thus capillary-driven wrinkle formation can be used as the basis for a metrology
of both the elastic modulus and the thickness of ultrathin films using a very
elementary apparatus – no more than a low-magnification microscope and a dish of
fluid.
Thin films are now widely used for packaging, responsive coating, and as the
basis for lithography. A variety of new experimental methods are been developed for
determining the elastic modulus of thin films. The techniques include bulge test [57,
58, 59, 60, 61], micro-tensile test [62, 63, 64, 65], nano-indentation test [66, 67, 68 ],
bending test [69, 70, 71 ], sonic resonance method [71] and bucking test [3, 5]. The
47

bulge test measures the biaxial modulus of thin films via converting the deformation
of the film under pressure to strains using the generalized equation established by
Vlassak [58]. The initial configuration and wrinkling of thin films may reduce the
reliability of the result, if the initial deformation was not properly taken into account.
Micro-tensile test measures the elastic modulus of thin film by recording the stain and
stress directly. This technique requires extremely high accuracy in the testing
equipment for the delicate sample would be bent and creased easily. The nanoindentation test measures both the elastic and the plastic properties of thin films [72].
This technique is limited due to the local plastic deformations induced by the indenter
and the effect of substrate on the elastic reaction of thin film [73].
Thin films are easily torn or deformed into the plastic regime, thus posing
experimental difficulties [74, 75]. Also, for the films coated on solid substrates, the
stress introduced in the process of the fabrication was not easy to be released, that
would limit the reliability of some techniques. The difficulties associated with prestress, and particularly non-uniform pre-stress, are side-stepped in our technique, as
are issues of contact mechanics.
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Figure 3.7: (A) Young’s modulus, E , versus concentration (by weight%) of
plasticizer (dioctyl phthalate). E is computed from the wrinkling pattern (solid black
symbols) using equations (3.15) and (3.16). Data from other techniques [3] are shown
for comparison. (B) Thickness, h , versus plasticizer concentration. h computed from
equations (3.15) and (3.16), compare closely to data from X-ray reflectivity
measurements. The error bars estimate the precision of the measurement.

3.2.2

Viscoelastic Response of Thin Polymer Films

In contrast to other methods available for measuring the modulus of extremely
thin films, our measurement is performed with the film on a fluid surface, rather than
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mounted on a solid substrate. This allows the possibility for the film to relax internal
mechanical stresses that can develop either in the spin-coating process or during
transfer to a solid substrate. Apart from the ability to make measurements on a state
that is not pre-stressed, this opens the possibility of measuring bulk relaxational
properties of the film without concerns about pinning to a substrate.
In Figure 3.8A we show a sequence of images visualizing the time-dependent
relaxation of the wrinkle pattern formed by a capillary load. At increasing time, the
wrinkles smoothly reduce in length and finally disappear. The strains that develop in
response to the capillary load can relax due to the viscoelastic response of the PS
charged with a large mass fraction of plasticizer. In Figure 3.8B, we show the timedependence of wrinkle length, L(t ) , for three sets of films. L(t ) can be fitted with a
stretched exponential function L0 exp[−(t / τ ) β ] , where τ is the characteristic
relaxation time and β is the stretching parameter [76, 77]. Figure 3.8B shows for the
same thickness, τ decreases when the plasticizer mass fraction increases. The
plasticizer reduces Tg , the glass transition temperature [78, 79, 80], and with higher
plasticizer mass fraction, Tg is reduced further. Thus, the film relaxes more quickly
under higher plasticizer mass fraction. Also, Figure 3.8B shows τ decreases as the
thickness decreases under the same plasticizer mass fraction.
As a conclusion, the simple technique can also be used to study dynamic
relaxation phenomena in ultrathin films.
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Figure 3.8: (A) Relaxation of the wrinkle pattern as a function of time after loading
with a water droplet. The thickness of the film, h = 170 nm and the mass fraction of
the plasticizer is 35% . (B) The time dependence of wrinkle length, L , normalized by
the length L0 , at the instant image capture commenced. Data are shown for same
thickness but different plasticizer mass fractions, and same plasticizer mass fractions
but different film thickness. The plot symbols differentiate experimental runs,
showing reproducibility of the time-dependence. Solid lines show fits to a stretched
exponential: L(t ) / L0 = exp[( −(t / τ ) β ] . For data of the blue symbols, the red ones and
the

green

ones,

they

are

fitted

by

L / L0 = exp[ −(t / 287) 0.491 ]

L / L0 = exp[ −(t / 92.1) 0.569 ] and L / L0 = exp[ −(t / 58.5)0.598 ] correspondingly.
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3.3

Exploring Boundary Conditions with Air Bubbles

As discussed earlier in this chapter, we have not directly measured the stress in
the radial direction induced by the capillary forces at the droplet’s edge. However, it
is difficult to observe clearly the detail of the deformation of the film beneath the
water drop for the film inside the contact line is immersed in water. Furthermore, the
film freely floats on the water surface, and the surface of water fluctuates under the
environmental disturbance. To solve these experimental difficulties, we used air
bubbles cast beneath the films instead of water drops placed on the film to explore the
boundary conditions and deformation of the film around the air-water-PS three phase
contact line and further inside the contact line.

3.3.1

Gas Permeability of thin PS films

Before discussing the deformation induced by air bubbles, we make some
remarks regarding the gas permeability of ultrathin PS films. The thickness of the PS
film we used here was 80 nm. We utilized the same micropipette as used to place
water drops on the films to cast air bubbles beneath the films. The spherical air bubble
floats up beneath the PS film. After a latency period up to a few seconds, the spherical
bubble suddenly collapses into a section of a sphere. For a water-PS-air system the
shape it assumes is approximately hemispherical. The volume of the hemisphere
shrinks with time due to the diffusion of air through the ultrathin polystyrene films
driven by the Laplace pressure (Figure 3.9). As shown in Figure 3.10, the size of the
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bubble beneath a thin film shrinks and then disappears in a few minutes. The bubble
size stays constant for days if it is cast beneath a thick film ~ 1 μ m in thickness. This
indicates that the change in the bubble radius is not due to air dissolving in water. The
permeability of the polymer film can be obtained by measuring the time dependence
of the projected size of the bubble.

Figure 3.9: Schematic view of the force exerting on thin PS film by air bubble and
the air-water surface tension, γ , exerted at the edge of the film. ΔP is the pressure
normal to the surface, comprising of Laplace pressure induced by surface tension and
the pressure inducd by the buoyancy of air bubble.
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Figure 3.10: A polystyrene film with thickness of 80 nm and diameter of 22.8 mm
floating on the surface of water, wrinkled by an air bubble with initial volume ~ 3 μL .
As the bubble shrunk, the length of wrinkles L decreased all the way, but the number
of wrinkles N remained the same at first and then decreased: (a)

N = 91, L = 2.39 mm ; (b) N = 91, L = 2.10 mm ; (c) N = 83, L = 1.56 mm .

The gas permeability (K) is calculated through the following equation:
−

dV
ΔP
= KA
dt
h

(3.17)

where V is the volume of the bubble, A is the contact area of the bubble with the film,

ΔP is the pressure difference, h is the thickness of the film, and K is the permeability.
Ignoring the extra volume due to the slight deformation of the film, we have:

V = π (1 − Cosθ )(1 − Cosθ + Sin 2θ )a 3 /3Sin3θ
A = π a2
ΔP =

(3.18)

2γ
Sinθ
a

where θ is the contact angle (Figure 3.9), γ is the surface tension of water-air
interface, and a is the radius of contact area. Replacing V , A and ΔP with equations
(3.18), we have:
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a

da
γ
2Sin 4θ
= −K
dt
h (1 − Cosθ )(1 − Cosθ + Sin 2θ )

(3.19)

We set:

G (θ ) =

4 Sin 4θ
(1 − Cosθ )(1 − Cosθ + Sin 2θ )

The solution of the differential equation (3.19) is as follows:
a = ( a02 − K

γ
h

G (θ )t )1/2

(3.20)

The contact angle θ measured when the bubble was shrinking was 830 . For

h = 80 ×10−9 m and γ = 72 ×10−3 N / m , we have:
a = ( a02 − 2.14 × 106 Kt )1/2

(3.21)

Fitting the experimental data with the equation (3.21), we obtained the permeability of
thin PS film of thickness 80 nm :

K = 161 Barrer , where 1 Barrer =7.50*10−14 cm3 ⋅ cm / (cm 2 ⋅ s ⋅ Pa )
While this was not the objective of our experiments with the gas bubble, the
change in the radius of the bubble provides us with an easy way to measure gas
permeability of thin films.
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Figure 3.11: An air bubble of volume ~ 3 μL shrunk beneath a floating PS film of

thickness 80 nm . The data was well fitted by equation a = (1.36 − 2.58 ×103 t )1/2 .

3.3.2

Wrinkling Patterns induced by Air Bubbles

The advancing contact angle of water drop on the floating thin PS film and the
receding contact angle of the air bubble beneath the PS film are both equal to 830 .
Thus the forces exerted by the water drop and by the air bubble on the film should be
mirror symmetric when the contact size is the same. The buoyant force of the air
bubble can be neglected for the same reason that the weight of water drop was
neglected.

56

Figure 3.12: (A) Floating PS films wrinkled by a water drop and (B) by an air bubble.

Due to this symmetry, the deformation of the films should be the same. Figure
3.12A and B show the wrinkling patterns induced by an air bubble and a water drop
respectively. Since the air bubbles shrink with time, we placed relatively large
bubbles beneath the films and watched the wrinkling pattern as they shrunk to
determine the dependence of the wrinkling patterns on the size of the bubble. From
Figure 3.13A (B), we can see that the number (the length) of the wrinkles induced by
the air bubbles fall on the same line as that measured for the water drops.
However, for the wrinkling induced by air bubbles, at the beginning of the
shrinking process, the number of the wrinkles keeps constant and a little below the
fitting line for the drops. We used a Vision Research Phantom v7 high-speed digital
camera to observe the time-dependence of the number of the wrinkles, at a frame rate
of 2000 frames/second at a resolution of 512x384. The bubble increased its contact
area with the film during its transforming process and a wrinkling pattern was
generated before the contact area
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Figure 3.13: (A) The number of wrinkles N as a function of a scaling variable

a 1/2h −3/4 ; the black line is a fit of the data for water drops: N = 2.5 * 103a 1/2h −3/4 ;
(B) The length of wrinkles L versus the variable ah 1/2 ; the solid line is a fit of the
data for water drops: L = 0.214ah 1/2 . The thickness used for water droplets ranged
for 31 nm to 233 nm, and the thickness used for air bubbles was 80 nm . The mass of
the water drops was from 0.2mg to 1.4mg, and the initial volume of the air bubbles
was ~ 3 μL .

reached its maximum (Figure 3.14C) which took about 7ms for a bubble of volume

4uL . Although the contact area still increased after the wrinkling pattern was formed,
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the number of wrinkles stayed nearly the same (Figure 3.14C and D). That is because
there is an energy barrier to rearrange the wrinkling pattern to increase wrinkles. The
energy generated during the transformation of the bubble from a sphere to hemisphere
generates circular ripples that propagate in the radial direction (Figure 3.14A and B).
Using the high-speed digital camera, we are also able to study the propagation
of the ripples generated. The propagating speed of water wave has been widely
explored. When the depth of water is far bigger than the wave length, the speed of
wave propagation in a fluid is [81]:
C2 =

g λ 2πγ
+
2π λρ

(3.22)

Thus, the gravitational energy contributes a term: CI2 =
interface tension contributes another term: CII2 =

2πγ

λρ

gλ
, and the water/air
2π

. In our case, there is a thin

elastic film at the air/water interface. The film is stretched when the wave propagates
along the radial direction. I expect that the tension generated in the film will enhance
the speed. The distance from the contact line to the wavefront by the symbol S (Figure
3.14B). S(t) is shown in Figure 3.14. The velocity is the slope of this curve, and it is
observed to decrease from 2 m/s to 1 m/s as the wavefront progresses beyond the edge
of the membrane. Since the wave length is ~ 2 mm, the speed without the membrane
is ~ 0.5 m/s. These are very preliminary observation on the effect on surface waves in
a fluid of a thin sheet at the interface.
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Figure 3.14: The intermediate process of a sphere bubble of volume ~ 4 μL beneath
a PS film of thickness 80 nm transforming into a hemisphere to minimize the surface
energy which took about 7 ms. The contact radius of the bubble with the film
increases during the transformation. The energy generated for minimizing the surface
energy was released by ripples propagating along the radial direction (A, B). The
propagating distance of the ripples, S , is defined as the width of the range from the
frontier of the ripple to the contact line (B). At the end of the transformation, the
number of the wrinkles remains the same, but the length of the wrinkles still
increased: (C) N = 117, L = 2.29 mm ; (D) N = 117, L = 2.66 mm .

60

Figure 3.15: The propagating distance of the frontier of the ripples versus the
propagating time. The ripples were generated for the transformation of an air bubble

with volume of 4 μL from a sphere to a hemisphere beneath a PS film with thickness
of 80 nm. The ripples measured were propagating at water and air interface with the
film between them.
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Figure 3.16: Deformation of a PS film of thickness 80 nm induced by an air bubble

of volume ~2 μL . Pictures were taken with a microscope under three magnification
of: (A) 5, (B) 10, and (C) 20.

3.3.3

Boundary Conditions of the Deformation

When we use air bubbles rather than water droplets, the film inside the contact
line is exposed to the air, so we can simply view the deformation from above by an
optical microscope.
The deformation near the contact line is shown at different magnifications in
Figure 3.16. At low magnification (Figure 3.16A), we can see that there is a
hierarchical wrinkling structure outside the contact line. And at higher magnification
(Figure 3.16B and C), we can see there is also a hierarchical wrinkling structure inside
the contact line and further inside the contact line and that the film is smoothly
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deformed further inside the contact line. At a magnification of 20 (Figure 3.16C),
three hierarchical generations can be observed. The dependence of the wave number,

q = 2π / λ , on the distance to contact line was shown in Figure 3.17. The width of the
hierarchical zone outside the contact line is around 0.23 mm . The jump of the wave
number around d = 0.23 mm is due to the first generation of hierarchical structure and
another jump around d = 0.05 mm is resulted in one more hierarchical generation. The
wave number of the finest hierarchical structure as we could tell from Figure 3.16C
was not measured. Inside the contact line, the width of wrinkling zone is around 0.06
mm with two determinable generations of hierarchical structure.
We will discuss more carefully the generation of hierarchical cascades of
wrinkles in Chapter 5 in a simple geometry.
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Figure 3.17: Dependence of the wave number of wrinkles, q = 2π / λ , on the distance

to the contact line measured with the pictures shown in Figure 3.16. Define the
distance outside the contact line as positive and inside the contact line as negative.

3.4

Surface Tension Dependence

In all these experiments, the same air-water surface tension sets both the radial
stress at the edge of the unperturbed film as well as the source of the perturbation
(drop or bubble) that leads to the wrinkling instability. The separate dependence of the
wrinkling instability separately on the surface tension of the liquid drop or the liquid
substrate is not measured. We now describe the effect on the wrinkling instability of a
differential surface tension between the edge of the drop by using fluids with different
surface tensions.
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The surface tension of one aqueous subphase was reduced by mixing it with
surfactant or propylene glycol. We denoted the surface tension exerted by the liquid in
the pool at the edge of the film as σ , and that exerted by the liquid drops as γ .
Surfactant was used to control the surface tension of the water in the pool, but the
water drop placed on the films was distilled, de-ionized water. The length of the
wrinkles, L , distinctively increased when σ decreased for the films of same
thickness and loaded with a water drop of same size, but it was hard to compare the
number of wrinkles without a careful counting (Figure 3.18). From Figure 3.19, we
can see in more detail that decreasing the surface tension of the water in the pool, the
length of the wrinkles increases continually and is still linearly proportional to the size
of water drops, but the number of the wrinkles decreases slightly.
Next, we loaded a drop of water mixed with propylene glycol (with 1:1
volume ratio) on the film floating on distilled, deionized water to study the role of the
capillary force exerted by the drop. The contact angle of the drop on the floating PS
films decreased to 600 and the surface tension decreased to 43 mN / m . From Figure
3.21, we can see that both N and L decrease as γ and θ decrease. Figure 3.20 shows
the length of wrinkles: L ~ σ −5/ 4 or σ −6/5 , and the number of the wrinkles: N ~ σ 1/ 4 .
These scalings have not been theoretically understood.
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Figure 3.18: PS films of thickness 94 nm were wrinkled by loading with a water drop

of mass ~ 0.6 μL . The PS films floats on: (A) distilled, deionized water with surface
tension 72 mN/m , and (B) water modified with sufactant, the surface tension was
50 mN/m .

67

Figure 3.19: The thickness of the film is 94nm. (A)The length of the wrinkles, L , is
proportional to the radius of the water drops, a , and increases when the surface
tension of the liquid in the pool, σ , decreases. (B) The number of the wrinkles, N ,
decreases as σ decreases. (Data provided by Sabra Dickson, Efren Rodriguez, and
David Capone, who joined the program of Research Experience for Teachers)
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Figure 3.20 (A) L / a as a function of σ . Unconstrained power fit yields:

L / a = (390 ± 5.21)σ −1.23± 0.030 . Thus, L / a reasonably depends on σ to the power of 5/4 or -6/5. The red line is the best fit of the data to power of -5/4:
L / a = (429 ± 0.793)σ −5/4 ; and the red line is the best fit of the data to power of -6/5:
L / a = (354 ± 0.305)σ −6/5 . (B) N / a1/ 2 as a function of σ . Unconstrained power fit
yields: N / a1/2 = (0.846 ± 0.092)h0.251± 0.022 . So the dependence of N / a1/ 2 on σ is
reasonably described by power-law scaling N / a1/ 2 ~ σ 1/ 4 .
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Figure 3.21: Compare the length (A) and the number (B) of the wrinkles of PS films
induced by loading with water drops and water drops mixed with propylene glycol. θ

is the contact angle of the drops on the floating films and γ is the surface tension of
drop exerting on the films. The thickness of the films used was 94 nm . For the water
drops, θ = 830 and γ = 72 mN/m , and for the those made of water mixed with
propylene glycol in 1:1 volume ratio decreases, θ = 600 and γ = 43 mN/m . Under
certain drop size, both N and L decrease when θ and γ decrease.
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3.5

Summary

In summary, capillary-driven wrinkle formation can be used as the basis for a
metrology of both the elastic modulus and the thickness of thin films by means of a
very elementary apparatus - a low magnification microscope and a dish of fluid. This
simple technique can also be used to study dynamical relaxation phenomena in thin
films. And by using air bubbles rather than drops to induce winkles, the film inside
the contact line is exposed, this clarified the boundary conditions, including the
deformation around the contact line and further inside the contact line. Also, using
this elementary apparatus, the permeability of ultrathin polymer films can be obtained
by measuring the dependence of the size of the bubbles on the time. Furthermore, by
using the surfactant to control the surface tension of the water the films floating on
and using the mixture of water and propylene glycol as the drop placed on the film,
the dependence of the wrinkling on the stress at the edge of the film and at the contact
line of the drop was explored. We currently lack an understanding of the dependence
of the wrinkling phenomenon on σ and γ .
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CHAPTER 4

4

INTERACTION BETWEEN TWO LOCALIZED WRINKLING
PATTERNS

4.1

Introduction

In last chapter, we discussed the wrinkling instability of floating thin films
induced by one water drop. It is natural to ask how the wrinkling patterns would look
if we place two water drops on one film. Each drop placed on the film generates a
wrinkling pattern. Since the deformation of thin films induced by a water drop is
large, the theory of elasticity is inherently nonlinear [17]. As a result, we cannot
superpose solutions for one droplet to get the answer for two droplets. Consequently,
studying the interaction between the two wrinkling patterns would enhance our
understanding on the general topic of capillary wrinkling.
An example of an extended patterned surface produced by the interaction of
localized wrinkle patterns is provided by the work of Bowden et al. who studied a
two-layer system consisting of a rigid thin sheet attached to a thick elastic foundation
made of PDMS comprised of 3D posts [20, 82]. Complex and ordered wrinkling
patterns were generated in the hard thin skins as the systems were cooled down from
high temperature to room temperature (Figure 4.1). When the bi-layer systems were
cooled down, the difference of the thermal expansion ratio between the hard skin and
soft foundation induced an equi-biaxial compression within the thin film, and at the
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edges of the posts, the compressive stress perpendicular to the edge was relieved by
expansion due to the shrinkage of the posts. Thus, the post exerted a tension at the
edge, while the hard skin is under an isotropic compression. Consequently, at the

Figure 4.1: Optical image of wrinkling patterns prepared by: (A, B) plasma oxidation
of heated polydimethylsiloxane (PDMS); (C, D) evaporation of metals to warm
PDMS, and then cooling the samples to room temperature. (A) PDMS substrate with

posts (height: 5 μm , diameter: 30 μm ) separated by 70 μm ; (B) With hexagons
(side: 50 μm ), squares (width: 50 μm ), circles (diameter: 50 μm ) and triangles
(side: 50 μm ), all elevated by 5 μm relative to the surface; (C) With circles (radius:
150 μm ) and (D) flat squares (side: 300 μm ) elevated by 10 ~ 20 μm relative to the

surface. From ref. [20, 82].
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edge of the posts, the wrinkling patterns have crests aligned perpendicular to the
direction with maximum compressive stress. However, the complex wrinkling
patterns have not been completely understood due to the difficulties in characterizing
the stress with multiple sources of tension. A similar case occurs with a floating film
loaded with several water drops. The surface tension of water exerting at the edge of
the freely floating thin film induces an isotropic tension in the film, and the capillary
force exerted by water drops at the contact line acts tension normal to the contact line
around the water drops. Due to the similarity, studying the interaction between two
localized wrinkling patterns induced by two water drops on a floating thin film is
helpful to understand the complex wrinkling patterns induced by many force sources
in the bi-layer systems. Also, it is an intermediate step to understand the wrinkling of
a floating thin film loaded with several water drops.

4.2

Interaction between two localized wrinkling patterns

We floated a rectangular polystyrene film (22 mm by 32 mm) on the surface of
water. Using a micropipette, we placed two tiny drops of water on the film far from
the edge. Each water drop induced a wrinkling pattern for the capillary force exerting
at the air-water-PS contact line (Figure 4.2). The wrinkles around one water drop are
still perpendicular to the contact line, but their length is no longer the same since the
wrinkling pattern of one water drop is distorted by that of other water drop. The
wrinkles lying between the two centers of the water drops are elongated due to the
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interaction between the two wrinkle patterns. The strength of the interaction depends
on the size of the water drops. Keeping the volume of one drop unchanged, and
increasing the volume of other drop, the wrinkling pattern around the lower drop was
distorted further (Figure 4.2A and B). When the size of one of the drops is steadily
increased, a ridge appears between the two drops at a critical value of drop sizes, that
depends on the distance between the drops (Figure 4.2C). When the volume of the
water drop was decreased, by sucking away some water with a paper napkin, the ridge
disappeared and the wrinkles withdrew which indicated that the deformation was
reversible (Figure 4.2C and D).
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(A)

(B)

(C)

(D)

Figure 4.2 The interaction between two wrinkling patterns induced by two drops of
water placed on the film of 94 nm in thickness. We increased and then decreased the

volume of the upper water drop, but maintained the volume of lower drop as 1.6 μL .
The volume of upper drop: (A) 0.8 μL , (B) 3.0 μL and (C) 5.0 μL .
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Figure 4.3: The interaction between the two wrinkling patterns induced by two drops
of water placed on the film with thickness 94 nm . The distance between two drops

was different and the volume of each of drop was 0.6 μm .

In addition, we placed the same-sized water drops on films of same thickness,
but with different distances between the two drops (Figure 4.3). From the figure, we
can see that the wrinkling patterns were distorted further as the interactions between
the wrinkling patterns became stronger as the distance between the water drops
decreased. When drops are close enough to each other, there is more than one ridge
connecting the two drops (Figure 4.4). The ridges / wrinkles connecting the water
drops occur nearly parallel to each other, forming a wrinkling pattern similar to that
studied by Cerda et al. where the edges parallel to the wrinkles are free [30, 31]. The
wrinkles close to the ridges are shortened (Figure 4.4A) or even removed (Figure
4.4B). From Figure 4.4A, we also observed that the shortened wrinkles were no
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longer arrayed normal to the contact line. This results from compressive displacement
at the edges of parallel wrinkling pattern induced by the interaction between the two
localized wrinkling patterns (Figure 4.4C).

Figure 4.4: (A, B). Several ridges connecting the two drops which were placed
closely enough formed a parallel wrinkling pattern. The close-by wrinkles were (A)
distorted and shortened or (B) eliminated. The thickness of the film is 94 nm . The

volume of the water drops is (A) ~ 8 μL and (B) ~ 1.6 μL . (C). Explanation of the
observation in (A, B). O1 and O2 are water drops. For the interaction between the two
localized wrinkling patterns, the curve EDF was displaced to DF and thus the
parallel wrinkling pattern was generated (Red lines). Therefore, the close-by wrinkles
were distorted and shortened or even eliminated. As an instance, the wrinkle AB was
shortened and displaced to be the wrinkle BC .
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Figure 4.5: Schematic drawing showing the definition of the length of interaction, S .

a1 and a2 are the radii of the first and the second water drop respectively. Dragging
the second drop toward the first drop slowly, a ridge would appear and connect the
two drops when the distance between the two drops reaches a critical value. The
length of ridge is defined as the length of interaction, S .

We quantify the range of the interaction by measuring the distance, S , at which
a ridge just forms between the two water drops. This is a measure of the strength of
the interactions between the two wrinkling patterns (Figure 4.5). Since it is difficult to
perform this experiment by continuously varying the distance between the drops, we
increased the volume of one of the drops gradually until a ridge appeared and
connected the two drops (Figure 4.6). We then repeated this experiment for a different
separation between the drops. Since the two water drops are symmetrical in space, the
dependence of the length of interaction on the size of the first drop should be in the
same way as on that of the second one. Thus, we fixed the size of the first drop, a1 , as
0.675 mm and explored the dependence of S on a2 using films of thickness from

41 nm to 218 nm . S does not only depends not only on the size of water drops, but

also on the thickness of the film (Figure 4.6).
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(A)

(B)

(C)

Figure 4.6: Three rectangular PS films of size 22 mm by 32 mm and varying thickness
floating on the surface of water, each one is wrinkled by two water drops. The scale
varies between images, while the upper water droplets have the same size as

a1 = 0.675 mm which was fixed. Increase the size of the lower droplets a little by a
little until a ridge appears and connects the two drops, where the size of the lower
drops: (A) a2 = 0.542 mm , (B) a2 = 0.547 mm , and (C) a2 = 0.664 mm . The length
of the ridge is defined as length of interaction, S .
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Figure 4.7: Schematic drawing showing the composition of the length of interaction,

S.

The length of interaction S can be considered as the sum of the independent
lengths of wrinkle induced by each drop and the interacting part Δ (Figure 4.7):

S (a1 , a2 , h) = L1 (a1 , h) + L2 (a2 , h) + Δ(a1 , a2 , h)
Δ(0, a2 , h) = 0

(4.1)

Δ(a1 , 0, h) = 0
where L1 ( a1 , h ) and L2 ( a2 , h ) are the length of wrinkles induced by each drop
1/2

independently, L 1（2）

⎡E⎤
= CL ⎢ ⎥ a1（2）h1/2 , as studied in the last chapter. Thus, the
⎣γ ⎦

fundamental question in understanding the length of interaction is how does Δ depend
on a1 , a2 and h .

For films of thickness from 41 nm to 218 nm , the length of interaction, S ,
linearly depends on a2 (Figure 4.8). And since L1 is independent of a2 and L2 linearly
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depends on a2 , according to the equation (4.1), we could conclude that the interacting
part, Δ , should linearly depend on a2 . Due to the symmetry of the drops, Δ should
also depend linearly on a1 . Since Δ (0, a2 , h) = Δ (a1 , 0, h) = 0 ,
Δ = a1a2 f (h)

(4.2)
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8
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41 nm
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94 nm
131 nm
169 nm
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Figure 4.8: Length of interaction, S , linearly depends on the radius of the second

drop, a2 , while a1 = 0.675 mm . Also, S dependents on the thickness of the films.

Now, the question left is how does Δ depend on the thickness. L1 and L2 were
1/2

⎡E⎤
determined by L = CL ⎢ ⎥ ah1/2 , and by rewriting equation (4.1), we have
⎣γ ⎦
Δ (a1 , a2 , h) = S (a1 , a2 , h) − L1 (a1 , h) − L2 (a2 , h) , so Δ could be obtained by calculation.
For a1 was fixed, based on equation (4.2), we have Δ / a2 = f ( h ) . The dependence
of Δ on h is reasonably well-described by the purely empirical power law scaling
shown in Figure 4.9: Δ / a2 ~ h1/ 4 (an unconstrained fit to a power-law yields a slightly
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better fit of Δ / a2 ~ h 0.251± 0.022 ). Thus, according to equation (4.2), we have Δ ~ a1a2 h1/4
. Figure 4.10 showed that Δ was linearly dependent on a1a2 h1/4 successfully with a
coefficient 1.27. So
S (a1 , a2 , h) = L1 + L2 + 1.27 a1a2 h1/ 4

(4.3)

Dimensional requirements leads us to:
S(a1 ,a2 ,h,E,γ) = cL (

E 1/ 2 1/ 2
E
E
) a1h + cL ( )1/ 2 a2 h1/ 2 + cI ( )5/ 4 a1a2 h1/ 4
γ
γ
γ

(4.4)

Using the literature value of E = 3.4 GPa for PS [55], and γ = 72 ± 0.3 mN/m , we
obtain that cI = 1.03 × 10−8 from the slope of the fit line (Figure 4.10). cI is
suspiciously small compared to cL . Thus, the interaction length, S , as a function of
the size of the water drops and the properties of the films are deduced experimentally.
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Figure 4.9: Δ / a2 as a function of thickness, h , while fixing the size of the first drop

as a1 = 0.675 mm . The best fit of the data to a power-law dependence is:
Δ / a2 =（0.846 ± 0.092）h 0.251± 0.022 , so Δ / a2 = 0.853h1/ 4 is reasonable.
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a1a2h (mm mm nm )
Figure 4.10: Δ linearly depends on a1a2 h1/4 , well fitted by Δ = 1.27a1a2 h1/4 .
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4.3

Interaction between patterned water drops

After studying the interaction between two localized wrinkling patterns, we
studied wrinkling induced by a pattern of water drops. From Figure 4.11A, we can see
that there are ridges connecting the neighboring water drops for the distance between
them is close enough. Around one water drop, since the wrinkles between two
adjacent ridges become shorter, due to the compressive displacement to form the
ridges. While the distance between the drops is big enough, the wrinkling patterns
were distorted and there is no ridge connecting the drops (Figure 4.11B).
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Figure 4.11: Optical micrograph of wrinkling pattern prepared by loading a freely
floating PS film with patterned water drops. Thickness of the film: (A) 105 nm and

(B) 85 nm . The volume of the water drop: (A) ~ 1 μL and (B) ~ 0.4 μL
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4.4

Interaction between a water drop and a hole

We also studied the interaction between a hole and a water drop on the film.
Without the water drop, there is no wrinkle around the hole (the inset at lower left
corner of Figure 4.12) for the stress at every point in the film is not changed by the
hole. After the water drop was placed close to hole, the wrinkles induced would pass
the hole and continue on the other side (Figure 4.12). So far, the mechanism
underpinning this behavior is not clearly understood.
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Figure 4.12: Optical micrograph of wrinkling pattern induced by interaction between
a hole and water drop on the film. The thickness of the film is 207 nm and the volume

of water drop is ~ 2 μL . The insect at lower left corner shows that there is no wrinkle
around the hole without the water drop.

4.5

Summary

As a conclusion, the wrinkling pattern of one water drop distorts close-by
wrinkling patterns, the interaction length grows with the radius of the water drop and
the thickness of the film, and the functional form of the interaction range Δ , is
consistent with cI (

E 5/ 4
) a1a2 h1/ 4 .
γ
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CHAPTER 5
5

A SMOOTH CASCADE OF WRINKLES AT THE EDGE OF A
FLOATING ELASTIC FILM

5.1

Introduction

When a thin rod or a thin unsupported sheet, such as a paper, is compressed at
two opposite edges, it buckles with the largest possible wavelength. This is known as
Euler buckling [17]. The sheet is bent out of plane rather than compressed in plane,
since bending out of plane is lower in energy. The profile of the deformed sheet is
determined by minimizing the bending energy which is the only restoring force in this
case. When an elastic sheet is pulled with large enough forces at two opposite edges,
the sheet buckles under the compressive force induced by the Poisson effect [30, 34].
The wrinkles generated are perpendicular to the direction in which the tension is
applied. Here, the wavelength is determined by balancing the bending energy and the
stretching energy. Compressing a bilayer system, composed of a hard skin lying on a
thick substrate, the skin buckles due to their elastic mismatch. Under compression, the
soft substrate shrinks, so the hard skin buckles out-of-plane to preserve the surface
area. In this case, the wavelength is determined by balancing the bending energy of
the hard skin and the stretching energy of the elastic foundation [3, 16, 83, 84]. In the
case we discuss in the this chapter, that of compressing a thin membrane floating on
liquid surface, the wavelength of the wrinkles generated is determined by balancing
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the bending energy of the membrane and the gravitational energy of the liquid
induced by the wrinkling [85, 86, 87]. Wrinkling instabilities have been observed and
studied in various systems. The morphology of the wrinkling patterns is usually
determined by energy minimization.
In this chapter, we experimentally and theoretically study the wrinkling of a
floating thin rectangular PS film by compressing along two opposite edges with metal
blades. Far from the free edges, the films buckle along the compression direction
forming a periodic wrinkling pattern. Close to the free edges, the coarse pattern
formed in the bulk is matched to fine structure by a smooth evolution to higher wave
numbers, which did not show up in previous experiments of this geometry [85, 86].
Thus, we need to explore some issues: What are the relevant parameters that
determine whether a cascade should be observed? When a cascade is observed, what
governs the wavenumber at the edge, and the penetration length (the length over
which the cascade occurs)? The theoretical model for our experiments is presented by
Davidovitch and Santangelo [33]. We also quote theoretical results by Davidovitch in
a related paper to explain and characterize the observed wrinkling morphology [34].

5.2

Parallel wrinkles in the bulk

In this study, we used polystyrene films of size L × W = 22mm × 32mm and
thickness h ranging from 85 nm to 246 nm . The films spin-coated onto glass slides
are floated onto the surface of water or water modified with surfactant. The floating
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films were compressed along two opposite edges with two razor blades as shown in
Figure 5.1. One blade was fixed, and the other one was mounted on a mechanical
stage used to control the extent of compression.

Figure 5.1: (A) Schematic of the experiment used to develop and observe the
wrinkling patterns. (B) Sketch of geometry.

As the film was compressed by a distance Δ , parallel wrinkles developed at a
wavelength λ in the bulk along the force direction (Figure 5.2). The height of the
wrinkling pattern in the bulk is independent of x , we characterize it as ζ ( y ) , and the
thin film can be treated as inextensible, the energy per unit surface area [33, 34]:
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1
∂ 2ζ
∂ζ
u ( y ) = ( B ( 2 ) 2 + ρ gζ 2 + σ [( ) 2 − 2Δ ]
2
∂ y
∂y

where ρ is the density of the liquid, Δ = Δ / W

(5.1)

1 , and σ = σ yy showing up as a

Lagrange multiplier. The first two terms in u ( y ) represent the bending energy of the
film and the gravitational energy of the liquid due to the wrinkling, respectively. The
surface tension does not show up in the energy function since the height of the
wrinkling pattern in the bulk is independent of x . Assuming 1D periodic pattern [34]:
ζ ( x, y ) = ζ 0 sin(qy)

(5.2)

where q is the wavenumber: q = 2π / λ . Due to the extensibility:

∫

W −Δ

0

1+ (

∂ζ 2
) dy = W
∂y

(5.3)

Under weak compression, the amplitude of the wrinkles is far less than the
wavelength of the wrinkles and thus (

∫

W −Δ

0

1+ (

∂ζ 2
)
∂y

1 . Therefore,

W −Δ
∂ζ 2
1 ∂ζ
) dy ≈ ∫ [1 + ( ) 2 ]dy
0
∂y
2 ∂y

(5.4)

By combining (5.2), (5.3) and (5.4), we have:
1
1
( ζ 02 q 2 + 1)Δ = ζ 02 q 2W
4
4

(5.5)

Under weak compression, the amplitude of the wrinkles is far less than the
wavelength of the wrinkles, so ζ 02 q 2

1 . Consequently, from equation (5.5), we have:

ζ0 =
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2
Δ
q

(5.6)

Thus, the wavelength and the amplitude of the wrinkles are related due to the
inextensibility of thin films. The average bending energy and the average gravitational
energy per unit surface are, respectively:
q B
uB =
π 2

uG =

q

∫

π /q

0

π∫

π /q

0

2

⎛ ∂ 2ζ ⎞
⎜ 2 ⎟ dy
⎝ ∂y ⎠

1
ρ gζ 2 dy
2

(5.7)

(5.8)

By combining (5.2), (5.6),(5.7) and (5.8), we have:
u B = Bq 2 Δ

uG =

ρg
q2

(5.9)

Δ

(5.10)

From equations (5.9) and (5.10), we can see that the bending energy of the film favors
longer wavelength (smaller wavenumber), while the gravitational energy of the liquid
subphase favors shorter wavelength (larger wavenumber). Thus, the wavelength is
selected by a balance between the bending energy and the gravitational energy. By
minimizing the total energy density:
u = u B + u G = ( Bq 2 +

ρg
q2

)Δ

(5.11)

we obtain the wavenumber in the bulk:
1/ 4

⎛ ρg ⎞
q0 = ⎜
⎟
⎝ B ⎠

(5.12)

with q = q0 , u = 2 B ρ g Δ , σ 0 = −u / Δ = −2 B ρ g and the energy of the system is

σ 0 ΔL , while the energy of a membrane compressed in plane without bending is
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1
Y ΔWL , where Y = Eh is the stretching modulus. Thus, the threshold value of the
2
compression is Δ t = 2 σ 0 / Y , beyond which the membrane turns from being flat to
bending out of plane state [34]. For a film of 246 nm in thickness (Figure 5.2), the
threshold Δt = 1.0 ×10−6 , while the compression we applied Δ ~ 5 ×10−2 . Thus, our
compression is far beyond the threshold.
As shown in Figure 5.3, equation (5.12) correctly describes the scaling of the
wavelength of the wrinkles in the bulk. Also, the figure shows that the wavelength is
independent of the surface tension. This is consistent with our previous argument that
the surface tension should be excluded in the energy density in the bulk. More precise
tests show that the wavelength of the wrinkles of the bulk also depends slightly on the
strength of the compression (Figure 5.4). After a wrinkling pattern is generated, the
number of wrinkles remains constant when we compress the film a little bit further, so
λ0 − λ = (Δ − Δ0 ) / N , where the distance of the compression and the wavelength of the

wrinkles are Δ 0 and λ0 respectively, N is the number of wrinkles. The biggest shift of
the wavelength of the wrinkles in the bulk upon further compression is less than 1%.
Therefore, we would use q0 = ( ρ g / B)1/ 4 as the wavenumber of the bulk in the
following. After one wrinkle transits to fold, further compression would destroy the
wrinkling pattern permanently (Figure 5.5). This observation is different from the
previous experiments, where the generation of a fold would eliminate all the wrinkles
resulting in a transition from an extended wrinkle state to a localized fold state [85,
86].
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Figure 5.2: Image of a wrinkled PS film floating on the surface of water, compressed
from the left and right sides with two razor blades.
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Figure 5.3: (A) Image of parallel wrinkles in the bulk for PS sheets of thickness:

85 nm, 158 nm, and 246 nm . (B) Bulk wavelength of wrinkles, λ = 2π / q0 as a
function of film thickness, h . The solid line is a fit to h 3/ 4 , showing agreement with
the prediction of q0 = ( ρ g / B)1/ 4

and independence of surface tension, γ within

experimental precision.
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Figure 5.4: (A) Image of parallel wrinkles in the bulk for a PS sheet of 246 nm in
thickness under different strength of compression. (B) Dependence of the wavelength
of wrinkles showing by (A) on the increase of the distance of compression, Δ ' (

Δ ' = Δ − Δ 0 ). At Δ 0 , a discernable wrinkling pattern was developed. We compress
further at first and then decompress. The increase and decrease of the wavelength is
reversible as we changed the degree of compression.
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Figure 5.5: (A) Under strong compression, one wrinkle transits to fold and at the
same time the amplitude of the neighboring wrinkles is enhanced. (B) Further
compression destroy the wrinkling pattern as the fold and its neighboring wrinkles
collapse together.

5.3

Smooth cascades at the edge

After studying the parallel wrinkles in the bulk, let us take a look at the
uncompressed edge (Figure 5.2). A fascinating phenomenon takes place: approaching
the edge, the parallel wrinkles of the bulk evolve into a much finer structure of
wrinkles. We plot the wavenumber q ( x) as a function of the distance x to the
uncompressed edge of the film in Figure 5.6. From the figure, we can see,
approaching the edge, the wavenumber increases 2-5 times for all thickness ranging
from 85 nm to 246 nm . Also, the width of the evolution zone from low wavenumber
q0 in the bulk to high wavenumber qe at the edge is approximately the same.
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Figure 5.6: Wavenumber q ( x) as a function of the distance x from the edge of the

film. The thickness of films ranges from 85 nm to 246 nm . For films of thickness
158 nm (or 246 nm ), data were collected from two films showing in different
symbols.

The higher wavenumber at the edge is intuitively understandable. Assuming the
wrinkles of the bulk with wavenumber q0 extend to the edge, the surface energy of the
liquid-air interface increases due to the liquid meniscus (Figure 5.7). The
wavenumber q0 is determined by balancing the bending energy of the sheet and the
gravitational energy of the liquid substrate, but the energy of the liquid-air meniscus
also prefers small amplitude and thus high wavenumber as the gravitational energy
does. Therefore, the wavenumber at the edge increases, while the reduction of surface
energy associated with the meniscus and the gravitational energy of liquid substrate is
enough to compensate for the increase of the elastic energy of the film.
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Figure 5.7: Schematic view of the liquid meniscus following the contour the edge of
the film. The black dashed line shows the undeformed air-water interface.

The evolution to a higher wavenumber qe at the edge brokes the translational
symmetry of the wrinkles in the xˆ -direction . Therefore, the bending energy in the
equation (5.1) needs to be modified. Also, the liquid-air interfacial tension, γ , exerts
at the uncompressed edge of the film, the deformation in the xˆ -direction would cost
energy: uT = γ (∂ζ / ∂y ) 2 . Thus, the energy density at the evolution zone is [33, 34]:
1
∂ζ
∂ζ
u ( y ) = ( B(∇ 2ζ ) 2 + ρ gζ 2 + γ ( ) 2 + σ ( x)[( ) 2 − 2Δ])
2
∂y
∂x

(5.13)

When the compressive force in yˆ -direction is much smaller than the tensile force in
the xˆ -direction , ε ≡ σ / γ = ρ gB / γ

1 , only bending energy and tensile forces are

dominant, so the surface morphology of the film in the transition zone is determined
by balancing them [33, 34]. Thus, a length scale, l p , was brought forward to indicate
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the gradients in the xˆ -direction . From Bq04 ~ γ l p−2 , l p ≈ γ / ρ g is obtained, which
is the capillary length, lc . In our experiments, the stress ratio ε ranges from 6 ×10−4
to 6 ×10−3 , which is much smaller than 1, thus placing us in the regime of validity of
the argument. In the Figure 5.8, we show the scaled wavenumber q( x) / qo vs. the
scaled distance from the edge x / lc . The data validate the argument that l p ≈ γ / ρ g
when ε

1.

Using the penetration length, the bending energy of the evolution zone is
estimated as: U edge ∼ l p u ( qe ) ∼ Bqe4 ( Δ / qe2 ) [33]. Also, according to Davidovitch’s
calculation

[33],

the

capillary

energy

associated

with

the

meniscus

is:

U cap = 2γ (Δ / qe2 ) ( ρ g / γ ) + qe2 . Setting the bending and the capillary energy to be
comparable, U edge ∼ U cap ,
when ε

qe ~ (ε ) −1/3 γ / B is obtained [33]. Thus, we can see that

1 , as in our experiments, the wavenumber at the edge is highly magnified.

While the stress ratio ε

1 , the edge effect only slightly disturbs the bulk pattern

[33, 34].
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Figure 5.8: Scaled wavenumber q( x) / qo versus the scaled distance from the edge

x / lc . Data validates the arguments that l p ≈ lc when ε = ρ gB / γ

1.

A magnified image of the cascade is shown in Figure 5.9(A). From the image, we
can see that, approaching the uncompressed edge, big wrinkles smoothly merge onto
smaller wrinkles, rather than locally branching. A quantitative measurement of the
smoothness of the cascade is shown in Figure 5.9(B). We determined the separation
between the crests of the wrinkles from the image for a series of distance x , from the
uncompressed edge. A histogram of qo d / (2π ) , the normalized separation between
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Figure 5.9: (A) A magnified image of the cascade. (B) At each value of x , a

histogram of the scaled separation between crests, qo d / (2π ) , for several values of
the distance x from the edge. Data were collected from two films with t = 246 nm .
The separation d , are determined from the locations of the maxima of the intensity in
the yˆ -direction .
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the wrinkles, is shown for each value of x . As expected, far from the edge, the
separations are all concentrated at qo d / (2π ) = 1 , and closer to the edge, more crests
are formed with smaller values of d . Importantly, there is nearly no distribution near

d = 0 for any of the histograms. This indicates that the evolution of big wrinkles to
small wrinkles is smooth, for if big wrinkles transit to small wrinkles by localized
branching, then just after the branching points, d → 0 .
One example of an elastic cascade of a thin sheet was shown by Pomeau and
Rica [88, 89] called as “curtain geometry”. They bent a tension-free sheet with a
certain width to be a vaulted shape by compressing along two opposite edges whose
lengths were assumed as infinite, and then forced one of the free edges to be flat. The
sheet made a cascade of folds to merge with the flat edge by branching rather than by
smooth evolution. Why is our cascade smooth, but the Pomeau-Rica cascade is a
succession of sharp folds? This question is answered by energy minimization [33, 34].
In our case, because the wrinkling patterns deviate from the translational symmetry,
the Gaussian curvature induces an energy density uG ∼ Y ζ x2ζ y2 , where Y = Et , and the
surface tension exerting at the uncompressed edge induces another energy density uT .
For uT = γ (∂ζ / ∂x ) 2 , it favors a smooth reduction of the amplitude of the wrinkles.
Thus, a smooth cascade is expected when uT > uG , which implies Δ < γ / Y [33, 34].
Together with the threshold condition to generate wrinkling Δ > σ o / Y , we see a high
surface tension is necessary to satisfy ε = σ 0 / γ < 1

for the existence of a smooth

cascade. ε < 1 is well satisfied in our experiments, so we observe the
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smooth

cascade. However, in the Pomeau-Rica cascade, the sheet is tension free, so there is
only the energy induced by Gaussian curvature uG . The minimization of uG leads to
the cascade of sharp folds.
The above argument also explains the smooth transition from large wrinkles to
small wrinkles as we go from the thick part to the thin part of a film (Figure 5.10).
The film is made by a floating process and compressed in the direction along their
junction. Under a compression Δ , the wrinkles at the thinner part have larger
wavenumber and smaller amplitude, according to equations (5.12) and (5.6)).
Histograms of the separation d between the crests of the wrinkles for distances x
from the junction all show no heavy weight at small d (Figure 5.11), indicating the
transition is smooth. With a high surface tension exerted at the uncompressed edges of
the membrane, the condition, ε < 1 , is well-satisfied. Thus, the large amplitude of big
wrinkles smoothly transits to the low amplitude of the small wrinkles.
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(A)

(B)

Figure 5.10: Smooth transition from big wrinkles to small wrinkles at the conjunction
line of a thick film and a thin film. The film is floating on the surface of water. The
compression is in the direction along the conjunction line. (A) Lower magnification
(B) Higher magnification.
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Figure 5.11: At each value of x , Histogram of the separation, d , between crests, for
several values of distance x from the edge. x is chosen to be positive at thick part and
negative in the thin part.

We also compressed thin PS films with extremely well-defined edges (prepared
by breaking silicon wafers). From Figure 5.12, we see that we approach the
uncompressed edge, the large wrinkles in the bulk smoothly evolve into small
wrinkles.
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Figure 5.12: A smooth cascade of wrinkles at extremely smooth edge.

5.4

Summary

In this chapter, we studied the wrinkling behavior of a floating rectangular film
under compression along two opposite edges. Three length scales are yielded by
analyzing the energies acting in our study. Far from the edge, wrinkles form in the
direction of compression. The wavenumber of the wrinkles, ( ρ g / B )1/4 ,
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is

determined by balancing the bending and gravitational energies. Approaching the
uncompressed edges, large wrinkles of the bulk smoothly evolved to small wrinkles.
The width of the cascade,（γ /ρ g )1/2 , is determined by balancing the bending and
tensile forces, and the wavenumber of the wrinkles at the edge, qe , is estimated by
balancing the capillary energy associated with the meniscus at the edge and the
bending energy cost at evolution zone. qe is controlled by the length scale (γ / B)1/2 ,
which is an elastocapillary length [24, 90]. We indicated that the stress ratio ε = σ / γ
governs the deformation of the sheet close to the uncompressed edge. Cascade
structures were observed for ε

1 in our experiment due to high surface tension

exerting at the uncompressed edges. Also, because of the high surface tension, ε < 1
is well-satisfied so that the evolution of large to small wrinkles is smooth rather than
by localized branching close to the uncompressed edge or around the conjunction line
of a thick and a thin part of a film.
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CHAPTER 6

6

WRINKLING OF FLOATING THIN POLYMER FILMS DUE TO A
POINT FORCE

6.1

Introduction

In previous chapters, we discussed the wrinkling patterns induced by in-plane
stress. For a circular polystyrene film floating on the surface of water, in-plane
compression was produced outside the contact line when we placed a small droplet of
water in the center of the film or a small bubble beneath the center of the film, both
of which generated a radial wrinkling pattern [48]. Also, a parallel wrinkling pattern
was induced by the in-plane stress when we compressed a floating rectangular film at
two opposite edges [33, 34]. In this chapter, we discuss experimentally and
theoretically the out-of-plane deformation in a floating polystyrene film induced by
depressing the center of the circular film by a certain depth with a point force. Unlike
pushing a circular plate with a tip at the center into a smaller circular rigid loop,
where a D-cone was formed and the Gaussian curvature was zero over the sheet
except a small region near the tip [91, 92, 93, 94], a smooth conical deformation of
the film was generated at first, which becomes unstable due to an elastic instability,
where a radial wrinkling pattern develops when the depth exceeded a critical value.
The wrinkles have finite length, and originate at a special radius from the centre. The
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observation is quantitatively reproduced by a calculation by our collaborator E Cerda
starting from the von Karman equations [35].

6.2

Experiments

The smooth deformation and the wrinkling pattern were obtained by pushing
down a tip normal to the center of a circular film floating on the surface of water
(surface tension γ ) (Figure 6.1). In this study, we used circular polystyrene films with
radius R = 11.4mm and thickness from tens to hundreds of nanometers. The tip used
(25 μm or 135 μm in radius) was perpendicularly mounted on a rigid level steel
cylinder fixed on a mechanical stage which enabled us to measure the displacement of
-2

the tip with a precision of 10 mm (Figure 6.2). We slowly moved the tip down into
the film. The exact moment at which the tip touched the film was determined by
observing its inverted reflection on the film simultaneously. Moving the tip down
further, the moment the wrinkles originated was also well-determined because the
wrinkles grew very fast when the pushing depth of the tip, ξ , was near the critical
displacement ξ c , so the critical depth ξ c was obtained precisely.
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Figure 6.1:
Schematic drawing of perturbation mechanism: pushing a tip
perpendicularly down at the center of a circular floating film. h is the thickness of

the film and ξ is the depth of the tip pushing down.

Figure 6.2: Experimental Setup.

We used a digital camera mounted on a microscope to observe the wrinkling
pattern formed after ξ exceeded the critical value ξ c (Figure 6.3A). The wrinkles
were radially arranged along the angular direction in a well-defined zone. Unlike the
capillary wrinkling situation, the wrinkles did not extend to the load at the center in
this case. That is because the force exerted by the sharp point on the film is out-of112

plane, but the net force exerted by a water drop or an air bubble on the film outside
the contact line is in-plane. For the same reason, the wrinkles induced by placing a
solid disk in the center of the film radiate some distance from the edge of the disk
(Figure 6.3B). Continuing to push the tip down after passing ξ c , the wrinkles grew in
both directions along the radius. Thus, the size of the cone of the smooth deformation
around the tip shrunk (Figure 6.4). The greater ξ , the more compression is induced
until a fold was engendered while two of the wrinkles were compacted together. Thus,
the compression was released around the fold where the wrinkles faded away (Figure
6.5). For thin films of different thickness, Figure 6.6 shows the number of wrinkles
decreased as the thickness of the films increased. The wavelength of the wrinkles is
determined by balancing the bending energy and stretching energy. The order of
magnitude of the bending energy scales with h3 ( h is the thickness of the film), while
that of the stretching energy is linearly proportional to h [17]. Therefore, the
wavelength of the wrinkles increases when the film becomes thicker.
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(A)

(B)

Figure 6.3: (A) A section of wrinkling pattern induced by a point force. r is the
radius of the cone of smooth deformation, L is the length of the wrinkles, and R is
the radius of the film. The thickness of the film is 105 nm; (B) Wrinkling induced by
loading a weighted metal disc of radius = 2 mm and mass = 45 mg.
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Figure 6.4: ξ was increased from (a) to (b). The thickness of the film is 105 nm. The

large object in the middle is the tip and the rigid level steel cylinder on which the tip
fixed.

Figure 6.5: A fold is generated radially inward, indicating by the white arrow. The
thickness of the film is 65 nm.
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Figure 6.6: From ( a ) to ( d ), the thickness of the film is 65 nm, 121 nm, 145 nm and
195 nm respectively, and the number of the wrinkles is 185, 121, 145 and 75

correspondingly. The radius of the tip used here is 25 μ m . The biggest limitation of
this experiment is that under large pushing depth, the sharp tip induces a plastic
deformation around the tip which would be left behind after the tip is unloaded.

6.3

Theory

Pushing down a tip at the center of a circular film floating on the water surface is
an axis-symmetrical case of large deflections of plate, so that σ rθ = ε rθ = 0 , where

σ rθ is the stress, and ε rθ is the strain in the cylindrical coordinates. In the following
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we reproduce the calculation done by Cerda [35]. The general equations for a plate in
deformation, called Von Karman equations, are:
B∇ 4ξ = σ ij ∇ i ∇ jξ + P

(6.1)

∇ jσ ij = 0

(6.2)

where ξ is the vertical displacement, σ ij is the stress per unit of line, P is the
vertical force per unit of area, and B is the bending modulus. For this Axissymmetrical case ( σ rθ = ε rθ = 0 ), in the cylindrical coordinates, equation (5.2) is:
∂ r ( rσ rr ) − σ θθ = 0

(6.3)

It can be solved by the Airy function:

∇r χ
r
= ∇ 2r χ

σ rr =
σ θθ

(6.4)

And the constitutive relations between strain and stress, and between strain and
displacement are:
1
(σ rr −νσ θ )
Eh
1
ε θθ =
(σ θ −νσ rr )
Eh
(∇ rξ ) 2
ε rr = ∇ r ur +
2
u
ε θθ = r
r

ε rr =

(6.5)

Eliminating the horizontal displacement, the strain, and the stress in the equations of
(6.4) and (6.5) in favor of variables ( χ , ξ ) , this yields the following equation:
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∇ r (r∇ r2 χ ) −

∇r χ
(∇ ξ ) 2
= − Eh r
r
2

(6.6)

Using equation (6.4), after some algebra, the first Von Karman equation (6.1) can be
represented in the cylindrical coordinates as:

1
B∇4ξ = ∇ r (∇ r χ∇rξ ) + P
r

(6.7)

The external force per unit of area is P = − P0δ ( r ) − ρ gξ , where ‘ − P0δ (r ) ’ is the point
force at the center, and the second force ‘ − ρ gξ ’ is the difference of the pressure
between the two sides of the film due to the deformation. ξ = 0 is defined by the level
of the water. So the equations of the equilibrium are now (6.6) and:

1
B∇4ξ + ρ gξ = ∇ r (∇r χ∇ rξ ) − P0δ (r )
r

(6.8)

The boundary conditions are:

ξ |R = 0

(6.9)

∇r χ
|R = τ
R

(6.10)

ν

∇ 2r ξ − ∇ rξ |R = 0
r

(6.11)

ξ |0 = ξ0

(6.12)

∇ rξ |0 = 0

(6.13)

∇ r χ |0 = 0

(6.14)
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6.4

Experiments consistent with calculation

Cerda solved the equations (6.6) and (6.8) by using a numerical relaxation
method. It yielded interesting results which were consistent with the experimental
observation. Increasing the depth of push, Figure 6.7 shows that the minimum of the
hoop stress correction St （St = σ θθ / τ − 1）reaches -1 at a special radius r0 where

ξ0 = ξc .

Figure 6.7: Stress corrections for η = 0.01 , ξ 0 = ξ c = 117l and R = 200l . These are

critical conditions when the minimal value of the hoop stress correction is St = −1 . R
is the radius of the circular film, l is the capillary length, l = (τ / ρ g )1/ 2 and

η = Eh3 ρ g / γ 2 [35].
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Figure 6.8: Log-log plot of the numerical results for the critical threshold ξ c as a

function of the parameter η when R = 200l . The red line is the function

ξ c = 11.7 / η 1/ 2 . R, l , and η are defined in Figure 6.7 [35].

Using a numerical analysis, Cerda deduced the critical depth when the size of the
film was infinite (in fact, using R = 200l ≈ 540mm , where l is the capillary length
l = (τ / ρ g )1/2 ) (Figure 6.8)and when the radius of the films was the same as we used
in the experiments. From Figure 6.9, we can see that ξ c for films with infinite size is
greater than that of the film we used at consistent thickness. And for films with same
diameter 22.8mm, the experimental data quantitatively agree with the numerical
calculations, though slightly larger. The difference became greater for thinner films
or with a smaller tip because the point force induced a slightly plastic deformation of
the film in the center, and the sharper the tip or the thinner the films, the greater was
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the chance of plastic effects. Furthermore, ξ c is strongly dependent on the thickness
( ξ c ~ h −3/2 [35]), so for thicker sheets, such as 100μm , it would be hard to detect the
smooth cone of deformation.
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r=135 μm
Numerics

0.2
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100
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200
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h (nm)
Figure 6.9: The black curve is ξ c = 11.7l / η [35]，the critical depth of the films of

infinite size. The black symbols are numerical results for the films of diameter 22.86
mm the same as that used in the experiments. The red and blue symbols are
experimental data for the size of the tips as 25 μm and 135 μm respectively. The
inserted picture at right-top corner shows the tip with radius 135 μm .

Increasing ξ 0 beyond ξ c , the minimum value of the hoop stress correction
decreases below -1. Thus there exists a zone where the hoop stress is compressive
(Figure 6.10). This zone corresponds to that where the wrinkling pattern grew, as we
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observed in the experiments (Figure 6.3), so the experimental observations and the
calculation are consistent. The length of wrinkles is determined by the width of the
zone (Figure 6.10). Furthermore, Figure 6.11 shows that the size of the zone increases
with ξ 0 increases, which is related to the growth of the wrinkles. In addition, Figure
6.11 shows that no matter how deep we push the tip down, the radial stress correction
S r ( Sr = σ rr / τ − 1) remains positive, which explains why the wrinkles arrange along
the radial direction.

Figure 6.10: The hoop stress correction for ξ 0 = 2250l and η = 0.01 . The region with

st < −1 defines the length of the wrinkles [35].
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Figure 6.11: Stress corrections for the set of displacements ξ / l = 50, 250, 500, 750,

1000, 1250, 1500, 1750, 2000, 2250 (η = 0.01 and R / l = 200 . The inset shows the
profile for ξ = 2250l [35].

6.5

Conclusion

We studied the out-of-plane deformation rather than the in-plane deformation
with the same system: A thin polymer film floating on the surface of a pool of liquid.
Unlike the in-plane deformation case where wrinkles grew immediately at the edge of
the inducers, as wrinkles originated from the boundary of a water droplet, we
observed no wrinkles when the out-of plane displacement was less than a critical
threshold. Instead, we observed a smooth cone of deformation at the center. When the
out-of-plane displacement exceded a critical value, the wrinkles originated at a finite
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radial distance from the center. This allowed us to compare experiment and theory on
this critical threshold for the first time. The experimental results and theoretical
predictions for the critical depth as a function of the thickness and elasticity of the
films are in good agreement. Furthermore, theoretical calculations explaine the
growth and the distribution of the wrinkling pattern.
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CHAPTER 7
7

CONCLUSIONS

This thesis focuses on understanding the mechanisms as well as the applications
of wrinkling instabilities of thin floating polymer films.
By taking the advantage of capillary force induced wrinkling instabilities, a new
metrology can be developed to measure both the Young’s modulus ( E )and the
thickness ( h ) of thin films at the same time with high precision by means of a very
elementary apparatus, while other measurement techniques normally can only yield E
or h. Also, this study reveals the length of wrinkles not only depends on the size of
the water drops, but also depends on the thickness of the thin films which is not
predicted by previous theory. Consequently, this study enhances our understanding of
pattern formation induced by wrinkling instabilities, and it leads to the generation of
new theories of elasticity. Furthermore, the capillary-driven pattern formation of
wrinkles can be used to study the dynamic viscous properties of thin polymer films,
while the detail remains to be explored. Additionally, the system we advanced can be
used to explore the contact angle of liquid drops on floating membranes which would
enhance the understanding of contact angle.
Placing two water drops on a floating thin film, the wrinkling pattern of one water
drop distorts close-by wrinkling patterns. The interaction range, quantified by a
distance at which a ridge just formed between two drops, grew with the radius of the
water drop and the thickness of the film. This study is essential to understand the
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complicated wrinkling patterns induced by many force sources. However, both the
strain and the stress in the membrane remain to be understood.
Pushing a tip on a floating thin polymer film, wrinkles are generated only when
the displacement of the tip is greater than a threshold value. This work allows us to
compare experiment and theory on this critical threshold for the first time. Beyond the
threshold, for the plastic deformation induced, it is hard to explore well the
dependence of the wrinkling pattern on the displacement of the tip.
Compressing a floating ultrathin rectangular film along two opposite edges, we
discovered a new hierarchical structure: Approaching the uncompressed edges, big
wrinkles of the bulk smoothly evolved to small wrinkles. We showed that this multiscale morphology is controlled by the stress ratio ε =σ /γ . Our study enriches the
understanding of hierarchical structures by connecting the branched and smooth
structures with the control parameter. Furthermore, this study may lead to the
discovery of smooth cascades in other micro-structured materials where branching
cascades have been observed.
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